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Abstract. The rank of an elliptic curve is an important non-negative integer
associated to an elliptic curve. Ranks of elliptic curves have been studied for at
least 75 years but remain an elusive quantity. We investigate the question: is the
rank of an elliptic curve bounded? Over Q, this is not known and is a major
open problem. We investigate the analogous question over Fq(t) and answer it
in the negative. More specifically, we give examples of families of elliptic curves
over Fq(t) due to Ulmer and Conceição that have arbitrarily large rank. We also
detail original progress towards generalising the ideas of Ulmer and Conceição to
the Hessian family of elliptic curves.
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1 INTRODUCTION AND PRELIMINARIES Srijan Sundar

1 Introduction and Preliminaries

Given a field K with algebraic closure K, recall that the projective plane PK2
is the set

of equivalence classes {[(x, y, z)] : (x, y, z) ∈ K3 \ {0}}, where [(x, y, z)] denotes the set
{(λx, λy, λz) : λ ∈ K \0}. We abbreviate [(x, y, z)] to [x : y : z] and define PK2 similarly.

The projective plane can be thought of as a completion of the “affine plane” K
2
. Indeed,

there is an inclusion ιz : K
2 → PK2

sending (x, y) ∈ K2
to [x : y : 1]. The elements of

PK2 \ ιz(K2) = {[x : y : 0] : (x, y) ̸= (0, 0)} are known as the points at infinity [8].

There are two other canonical inclusions ιy, ιx : K
2 → PK2

given by

ιy : (x, z) 7→ [x : 1 : z] and ιx : (y, z) 7→ [1 : y : z].

We define Az,Ay,Ax to be the images of ιz, ιy, ιx, respectively. Then PK2
= Az∪Ay∪Ax.

Note if [x : y : z] ∈ Az, we can recover ι−1
z ([x : y : z]) = (x

z
, y
z
) ∈ K

2
, where

ι−1
z : Az → K

2
is the inverse of ιz. Hence, suppose

ax+ by + c = 0

is the equation of a line in K
2
. Replace x with X

Z
and y with Y

Z
. Then after expanding,

we can identify this line with the equation

aX + bY + cZ = 0

defined over PK2
. This equation is well-defined over PK2

as (x, y, z) solves the equation
if and only if (λx, λy, λz) does for some non-zero λ ∈ K. In general, given a, b, c ∈ K not

all zero, define the projective line as the set of solutions to aX + bY + cZ = 0 over PK2
.

We now discuss some theory regarding cubic curves, and, in particular, elliptic curves.
Let K be a field, as before, and K its algebraic closure. A cubic curve C over K is the

locus of zeros [x : y : z] ∈ PK2
of a polynomial P of the form

P = e1X
3 + e2Y

3 + e3Z
3 + e4X

2Y + e5X
2Z

+ e6XY
2 + e7Y

2Z + e8XZ
2 + e9Y Z

2 + e10XY Z

for e1, . . . , e10 ∈ K. Furthermore, we define C ∩ PK2 to be the K-rational points of C.
Now, suppose p ∈ C, and let ∂P

∂X
, ∂P
∂Y
, ∂P
∂Z

be the formal partial derivatives of P with
respect to X, Y, and Z, respectively. If at least one of those partial derivatives is non-
vanishing at p, we define the tangent line at p as the projective line

∂P

∂X
p+

∂P

∂Y
p+

∂P

∂Z
p = 0.

The cubic C is non-singular if every point has a well-defined tangent line. Equivalently,
C is non-singular if ∂P

∂X
, ∂P
∂Y

, and ∂P
∂Z

never simultaneously vanish over C.
We now define elliptic curves. An elliptic curve E over K is a non-singular cubic

curve with a distinguished K-rational point. Upon an appropriate change of variable,
the equation of every elliptic curve over K can be put into projective Weierstraß form

Y 2Z + a1XY Z + a3Y Z
2 = X3 + a2X

2Z + a4XZ
2 + a6Z

3, (1)

where a1, a2, a3, a4, a6 ∈ K [26, Proposition III.3.1]. Hence, by default, elliptic curves in
this essay are assumed to be written in Weierstraß form (1).
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1 INTRODUCTION AND PRELIMINARIES Srijan Sundar

Suppose that E is an elliptic curve in projective Weierstraß form. Then, E has just
one point at infinity. Indeed, setting Z = 0 implies X3 = 0, so the only point at infinity
lying on E is [0 : 1 : 0]. We call this point o and observe o lies on every “vertical” line
X = cZ, c ∈ K. Moreover, we take o to be the distinguished K-rational point on E.

Notice that E ∩ Az can be identified with the solutions (x, y) ∈ K
2
to the affine

Weierstraß equation:

y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6. (2)

As o is the only point at infinity on E, we can think of E as the solutions to (2) together
with o; hence, we mostly work with (2) for notational convenience. Similarly, when
specifying an elliptic curve, we simply write down its affine form (2) and refer to it as
the “elliptic curve E”. By this, we really mean the solutions of (2) viewed in projective
space together with o. In Figure 1, we show two examples of elliptic curves over R.

5

-5

(a) y2 = (x+ 4)(x+ 1)(x− 2)

5

5

-5

(b) y2 + 2xy + y = x3

Figure 1: Two elliptic curves over R

When analysing the behaviour of E around o, we work over Ay. As ι
−1
y : Ay → K

2
is

given by [X : Y : Z] 7→ (X
Y
, Z
Y
), the points E ∩ Ay can be identified with solutions to

z + a1xz + a3z
2 = x3 + a2x

2z + a4xz
2 + a6z

3 (3)

over K
2
. In particular, o is identified with the solution (0, 0) to (3).

We now turn to highlighting a few properties of elliptic curves. We begin by noting
that every (projective) line intersects E in three points, counting multiplicities. Indeed,

suppose aX + bY + cZ = 0 is a projective line in PK2
. We have three cases.

• If the line is Z = 0 (i.e., a = b = 0), substituting this into the equation of E yields
X3 = 0. Thus, the line Z = 0 intersects E at o with multiplicity 3;

• If the line is aX+cZ = 0, and a ̸= 0, then we can assume a = −1 by scaling. Hence,

this corresponds to the vertical line x = c over K
2
. Substituting into equation (2)

gives a quadratic in y, so we will get two solutions, counting multiplicities, over K.
Noting o is also on the line, we thus have three intersections;

2



1 INTRODUCTION AND PRELIMINARIES Srijan Sundar

• Finally, if b ̸= 0, we can assume b = −1 by scaling. The equation of the line is

thus Y = aX + cZ. This corresponds to the line y = ax + c over K
2
, so that

substituting into (2) gives a cubic equation in x. Hence, we have three solutions

over K
2
, counting multiplicities. Finally, o is not on the line, so that we have

exactly three points of intersection over PK2
.

Above, and in the rest of this essay, we take an intuitive approach to intersection multi-
plicity. This can be made rigorous by the discussion in [9, Chapter 3].

Now suppose p and q are twoK-rational points on the intersection of aX+bY +cZ = 0
with E, and let r be the other intersection point. We can assume1 a, b, c ∈ K. We claim
that r is also K-rational. This is clear in the case when the line is Z = 0. In the second
case, if x = c is the vertical line, with c ∈ K, then the resulting quadratic in y has all
coefficients in K. Hence, if the quadratic has one solution in K, the other solution will
also be in K. The third case is similar, noting that if a cubic equation with coefficients
in K has two roots in K, the other root will also be in K.

We now describe an operation + : E × E → E. Suppose p,q ∈ E. Draw the line
ℓ going through both points (if p = q, then take ℓ to be the tangent line at p). This
intersects E at another point, r′. The line through o and r′ intersects E at a new point
r. Define p+q = r. Then + is commutative, and o+p = p+o = p. It is an astonishing

Theorem 1.1. (E,+) forms an Abelian group with identity element o.

In particular, + is associative. See [12, Chapter 7] for a proof of Theorem 1.1 and [21]
for the historical development of said Theorem. We illustrate the group law in Figure 2.

5

-5

p

q

r′

p+ q = r

o

Figure 2: The group law

Given r = (x0, y0) ∈ E \{o}, notice that −r is the other point of intersection between
the vertical line x = x0 and E. Thus, we could alternatively phrase the group law as
three points sum to o if and only if they are collinear. It will be the case that every
elliptic curve considered in this essay can be endowed with this same group law, even if
they are not in Weierstraß form by [12, Chapter 7].

Let E(K) denote the K-rational points of E, i.e.,

1By Proposition 7 of Part A Projective Geometry [8].
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1 INTRODUCTION AND PRELIMINARIES Srijan Sundar

Definition 1.2. Let E(K) be the set {[x : y : z] : x, y, z ∈ K, and [x : y : z] ∈ E}.

As a line through two K-rational points intersects E at a third K-rational point, we see
that the K-rational points of E form an additive subgroup of (E,+).

Now, recall the following:

Theorem 1.3 (The Fundamental Theorem of finitely generated Abelian groups, [4,
Corollary 11.7]). Let (G,+) be a finitely generated Abelian group. Then, there is a
non-negative integer r, and there are integers c1, c2, . . . , ck each greater than 1 so that
c1 | c2 | · · · | ck, and

G ∼= Zr ⊕ (Z/c1Z)⊕ · · · ⊕ (Z/ckZ).

The integer r is known as the rank of G.
It turns out that E(K) is finitely generated in two essential contexts, which we state

without proof.

Theorem 1.4 (Mordell [16]). E(Q) is finitely generated.

Theorem 1.5 (Néron-Lang [14]). If k is Q or a finite field, and K = k(t) is the field of
univariate rational functions over k, then E(K) is finitely generated.

Thus, we can discuss the rank of E(K) is either context. In 1901, Poincaré [18, p. 173]
raised the question “What values can we attribute to [...] the rank of an [elliptic curve]?”
We focus on the following related question: is the rank of an elliptic curve bounded?

Over Q and Q(t), this is not known; see the surveys [19, 20, 24] and the references
therein for approaches to this question. To gain intuition for what the answer might be,
one could ask the same question over Fq(t), where Fq is the finite field with q elements.
Here, it is known that the rank of elliptic curves can be arbitrarily large. The first
examples are due to Tate and Shaferevich [11] and Shioda [22, Section 5] and were found
over forty years ago. Beginning with Ulmer’s article from 2002 [29], this question has
enjoyed greater interest in recent years. See the articles [1, 17, 31, 23] for various examples
of constructions and [32] for a general reference.

The aim of this essay is to exhibit explicit, elementary constructions of families of
elliptic curves over Fq(t) that have unbounded rank. We do this by constructing explicit
sets of points on prescribed elliptic curves and showing that they generate a subgroup of
large rank. The examples discussed in this essay illustrate various tools one can employ
to achieve this. We begin by giving an annotation of Ulmer’s proof [30] that the family
of so-called Legendre elliptic curves defined over Fq(t) for odd q

y2 = x(x+ 1)(x+ td)

has arbitrarily large rank as d varies in section 2. In section 3, we give a few examples
due to Conceição and discuss a method of constructing points on elliptic curves [3]. In
section 4, we discuss original progress towards generalising these ideas to the case of the
Hessian family of elliptic curves, given by y2 + αxy + y = x3 for some α ∈ Fq(t). We
conclude the essay with some remarks on possible directions for future investigation.

Unless otherwise mentioned, all results in this essay have appeared in print, elsewhere.
However, the presentation of these results is due to the author. We emphasise that the
author simplified the background theory required of Conceição’s arguments in section
3. We additionally highlight the parts of this essay that are original extensions of the
author. Part (b) of the proof of Proposition 2.3, as well as the proof of Theorem 3.15,

4



1 INTRODUCTION AND PRELIMINARIES Srijan Sundar

were left as exercises for the reader; we fill in the details. The construction of points
in Theorem 3.17 was initially only stated over Fq2(t) in [3, Theorem 4.7], but we show
that this construction holds over Fq(t). Also, the proof of the Z-linear independency of
the points in Theorem 3.17 does not appear to be in print elsewhere, and is an original
extension of the author’s. Finally, besides subsection 4.1, whose presentation is inspired
by those of [10, Chapter 4.2] and [35], the remainder of section 4 is due to the author.
We add that all matrix computations in this essay were verified with SymPy [15].

Throughout the body of this essay, we omit the computation that an elliptic curve
with a prescribed equation is non-singular; a listing of all elliptic curves in this essay,
along with proofs that they are non-singular is found in Appendix A. We also give the
explicit addition formulae on an elliptic curve in Appendix A. Importantly, if “+” is the
addition law on an elliptic curve and (x, y) + (x′, y′) = (w, z), then w, z can be expressed
as rational functions of x, x′, y, y′. As Ulmer’s proof only holds over fields Fq(t) where q
is odd, the author also attempted to generalise Ulmer’s proof for even q by considering
different normal forms for elliptic curves in characteristic 2 presented in [13]; see appendix
B. Finally, appendix C contains a program written in Magma [2] that was used in our
investigation of the Hessian curve.

1.1 Galois Theory

We record some facts about Galois theory from [7].
Let L/K be a finite extension of fields, i.e., L,K are two fields such that L ⊇ K and

L is a finite-dimensional K-vector space. Let [L : K] be the dimension of L, viewed as a
K-vector space. Denote by Aut(L/K) the group of K-fixing automorphisms of L, with
group multiplication being composition.

Definition 1.6. A finite extension of fields L/K is Galois if [L : K] = |Aut(L/K)|. In
this case, we say L is a Galois extension ofK, and we write Gal(L/K) to mean Aut(L/K).

Definition 1.7. Given a polynomial f ∈ K[x], the field L is the splitting field of f if f
factors completely into linear factors over L, and f does not factor completely over any
proper subfield of L containing K.

We will use the following:

Proposition 1.8. Let L/K be a finite extension of fields.

(a) L/K is Galois if and only if L is the splitting field of some polynomial in K[x].

(b) K is the fixed field of Gal(L/K). In other words,

K = {a ∈ L : σa = a ∀σ ∈ Gal(L/K)}.

Proof. See [7, Chapter 14, Theorem 13] for (a), and [7, Chapter 14, Corollary 10] for
(b).

1.2 Functions on Curves

Given a mathematical object, one often wishes to study the maps (“morphisms”) between
similar objects. In this section, we develop some basic theory regarding functions on
elliptic curves. This section is based on [26, Chapters 1-3].

5



1 INTRODUCTION AND PRELIMINARIES Srijan Sundar

Let E ⊂ PK2
be the elliptic curve (1), and let Ez ⊂ K

2
be the set of points satisfying

the affine Weierstraß equation (2). Further define Pz = y2+a1xy+a3y−x3−a2x2−a4x−a6
so that Pz = 0 is the equation of Ez.

We begin by noting that any polynomial f ∈ K[x, y] defines a function K
2 → K and

thus restricts to a function Ez → K. By definition, all polynomials in (Pz) ⊆ K[x, y], the
ideal generated by the equation of Ez, evaluate to zero on Ez. Hence, if f1, f2 ∈ K[x, y]
differ by a multiple of Pz, then f1 and f2 agree everywhere on Ez. Hence, we see that a
function on Ez can be defined modulo multiples of Pz. This motivates the following:

Definition 1.9. The coordinate ring of Ez, denoted K[Ez], is defined to be K[x,y]
(Pz)

.

Definition 1.10. The function field of E, denoted K(E), is the field of fractions of
K[Ez].

Remark 1.11. (1) Any element of K(E) can be extended to function on E by the map ιz.
(2) Recall that Ez can be identified with E∩Az. If we use the corresponding identifications
to define Ex, Ey, then it is the case that the resulting function fields are all canonically
isomorphic, so that we get the same definitions. To analyse the behaviour of a function
at o, we will need to work in Ay.

We write K[E]p to be the ring of functions regular at p ∈ E, i.e.,

Definition 1.12. Define K[E]p to be the set {f/g : f, g ∈ K(E), g(p) ̸= 0}.

Making the analogous definitions by replacing K with K, consider the idealMp ⊴ K[E]p
of functions that vanish at p. As Mp is the kernel of the map K[E]p → K given by
evaluating at p, we see K[E]p/Mp

∼= K. Thus, Mp is a maximal ideal of K[E]p. Note,

K[E]p :=M0
p ⊇Mp ⊇M2

p ⊇M3
p ⊇ · · ·

is a decreasing set of ideals.

Definition 1.13. Let f ∈ K[E]p. We define its multiplicity of vanishing, denoted,
ordp(f), as sup{n : f ∈ Mn

p}. More generally, given f/g ∈ K(E), with f, g ∈ K[E], we
can set ordp(f/g) = ordp(f)− ordp(g).

Definition 1.14. Suppose f ∈ K(E). We say f has a zero at p if ordp(f) > 0, and we
say f has a pole at p if ordp(f) < 0.

It is the case that if f, g ∈ K(E), then ordp(fg) = ordp(f) + ordp(g) by [26, Chapter
II.2]. We will also need the following:

Proposition 1.15. Let E be an elliptic curve.

(a) Every rational function has finitely many zeros and poles on E.

(b) Every rational function has the same number of zeros as poles (counting multiplic-
ities) on E.

(c) (Abel’s Theorem) Suppose f is a rational function on E, with zeros and poles

p1,p2, . . .pn with multiplicities m1,m2, . . . ,mn (respectively). Then
n∑

i=1

mipi = o.

Proof. See [26, Proposition II.1.2] for (a). See [26, Corollary III.3.5] for (b) and (c).

6



2 LARGE RANK LEGENDRE CURVES Srijan Sundar

2 Legendre curves of large rank over Fp(t)
Let E be the elliptic curve

Y 2Z + a1XY Z + a3Y Z
2 = X3 + a2X

2Z + a4XZ
2 + a6Z

3

expressed in projective coordinates over some field K. A point p = [x0 : y0 : z0] ∈ E has
order 2 if and only if p ̸= o and 2p = o, i.e., the tangent line to p contains o. Note this
happens if and only if

∂P

∂y
(p) = 2y0z0 + a1x0z0 + a3z

2
0

vanishes. As z0 ̸= 0, we deduce that the order 2 points on E are precisely the points lying
on the intersection of E with the line a1X + 2Y + a3Z = 0; in particular, they sum to o
in the group law. If charK ̸= 2, then o is not on this line. Hence, this line is not tangent
to any of the order 2 points of E, implying that E has three distinct order 2 points over
K. It follows that E(K) has zero, one, or three order 2 points.

Now, let K be a field with characteristic different than 2. The Legendre family of
elliptic curves are described by an equation of the form

Eλ : y2 = x(x− 1)(x− λ)

for some λ ∈ K \ {0, 1}. The Legendre family is distinguished by the fact that the points
(0, 0), (1, 0), and (λ, 0) all have order 2 in Eλ(K). Indeed, we can easily check that the
lines x = 0, x = 1, and x = λ are all tangent to Eλ at (0, 0), (1, 0), and (λ, 0), respectively.

2.1 Ulmer’s construction

Consider, now, a minor variant of the Legendre curve

Ed : y
2 = x(x+ 1)(x+ td)

over the field Fp(t), for some odd prime p. We immediately see that the points

q0 = (0, 0), q1 = (−1, 0), qt = (−td, 0)

have order 2. For specific values of d, we can easily find additional points on Ed. Indeed,
if we let x = t, we get y2 = t2(t+1)(td−1+1). Recalling the Frobenius homomorphism of
Fp(t) [7, Proposition 13.35], we see that if d−1 is a power of p, then td−1+1 = (t+1)d−1.
This implies y2 = t2(t + 1)d. Thus, (t, t(t + 1)d/2) is a point on Ed, given d = pf + 1 for
some f ∈ N.

If we set u = td, then we can think of t as a dth root of u. But note that if ζd is a
fixed primitive dth root of unity, then ζ idt is also a dth root of u for all integers i. Hence,
if µd is the set of dth roots of unity and Kd = Fp(µd, t), we see that Ed(Kd) contains all
the points

pi = (ζ idt, ζ
i
dt(ζ

i
dt+ 1)d/2), i ∈ Z/dZ. (4)

Alternatively, note Kd is the splitting field of the polynomial xd − td ∈ Fp(t
d)[x], so

Kd/Fp(t
d) is Galois by Proposition 1.8. Then, letting the elements of Gal(Kd/Fp(t

d)) act
on (t, t(t + 1)d/2) coordinate-wise, the points pi constitute the resulting orbit [30]. We
stress that, apart from p0, all pi lie in Kd \ Fp(t).

By Theorem 1.5, Ed(Fp(t)) is finitely generated. The aim of this section is to give an
annotation of Ulmer’s proof that Ed(Fp(t)) can have arbitrarily large rank as d = pf + 1
varies. The general idea is as follows.

7
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• We first work over Kd ⊃ Fp(t) as we have constructed many points (the pis) on
Ed(Kd). We will see that the pis are “sufficiently” independent: if we set 2Ed(Kd) =
{2p : p ∈ Ed(Kd)} and consider Ed(Kd)/2Ed(Kd) as a Z/2Z vector space, the cosets
of the pis will be Z/2Z-linearly independent.

• After computing some relations among the pis, an infinite-descent-type argument
reveals that the subgroup of Ed(Kd) generated by the pis has rank d− 2.

• We finally use a simple idea from Galois theory to find points in the subgroup
generated by the pis that lie in Ed(Fp(t)) and show that these points generate a
group of large rank.

2.1.1 A homomorphism from E(Kd) onto (Z/2Z)d

We begin by considering an elliptic curve E ′ with Weierstraß form y2 = x3 + a2x
2 + a4x

over an arbitrary field k. Let k× be the multiplicative group of k, and let k×2 ⊂ k× be the
subgroup of perfect squares. Consider an affine line y = λx+µ, and suppose it intersects
E ′ at r1, r2, and r3. We note none these points are o. The x-coordinates x1, x2, x3 of
r1, r2, r3 thus solve

x3 + (a2 − λ2)x2 + (a4 − 2λµ)x− µ2 = 0.

If µ ̸= 0, then by Viète’s formulas, x1x2x3 = µ2 is a perfect square in k×. If µ = 0 and
we assume r1 = (0, 0), without loss of generality, then x2x3 = a4. Finally, if we have a
vertical line x = λ intersecting E ′ at o, r1, r2, then the product of the x-coordinates of r1
and r2 is again a perfect square in k×. Recalling that three points sum to o if and only
if they are collinear, and checking the case of the ‘line at infinity’ Z = 0, it follows that
φ̃ : E ′(k)→ k×/k×2 given by

φ̃ : p 7→


x, if p = (x, y),p ̸= (0, 0)

a4, if p = (0, 0)

1, if p = o

is a group homomorphism. As 2E ′(k) = {2p : p ∈ E ′(k)} ⊆ ker φ̃, it follows that φ̃
induces a homomorphism φ : E ′(k)/2E ′(k)→ k×/k×2.

Now, for every z ∈ k, there is a homomorphism k(t)× → Z given by mapping f(t) ∈
k(t)× to ordt=z f(t), the order of the zero or pole of f at t = z. We conclude that, given
z0, z2, . . . , zd−1 ∈ k, there is a map ψ : k(t)×/k(t)×2 → (Z/2Z)d given by sending

f 7→ (ordt=zj f(t) (mod 2))j=0,1,...,d−1.

Now let the ground field be k(t), and take E ′ an elliptic curve over k(t). Then we have
a homomorphism ψ ◦ ϕ : E ′(k(t))/2E ′(k(t)) → (Z/2Z)d. Under the coordinate change
X = x + 1, Y = y, we see that Ed has the Weierstraß form of E ′ with a2 = td − 2 and
a4 = 1− td. Thus, we have proved the following:

Proposition 2.1 ([30, Proposition 4.1]). The map Ed(Kd)→ (Z/2Z)d given by

p 7→


(ordt=ζjd

(x+ 1) (mod 2))j=0,...,d−1, if p = (x, y),p ̸= (−1, 0)
(1, 1, . . . , 1), if p = (−1, 0)
(0, 0, . . . 0), if p = o

induces a homomorphism ν : Ed(Kd)/2Ed(Kd)→ (Z/2Z)d.

8
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As a result, we have

Corollary 2.2. The homomorphism ν maps the subgroup of Ed(Kd)/2Ed(Kd) gener-
ated by pi + 2Ed(Kd), i ∈ Z/dZ, onto (Z/2Z)d. Moreover, the cosets pi + 2E(Kd) are
Z/2Z-linearly independent.

Proof. Recall that pi = (ζ idt, ζ
i
dt(ζ

i
dt+1)d/2) from equation (4), and notice that ζ idt+1 = 0

if and only if t = −ζ−i
d = ζ

d/2−i
d . Thus, ν maps the coset of pi + 2E(Kd) to the vector

with a 1 in the d/2− i position and 0s elsewhere. The claim follows.

2.1.2 Computing relations among the pis

From the previous subsection we see that, intuitively, the pis have potential to generate a
group of large rank. To make this precise, we now study the relations satisfied by the pis.
Recalling Abel’s theorem (Proposition 1.15(c)), one way to do this is to consider functions
that vanish at the pis. For example, we see that the x- and y-coordinates of the pis solve
y = x(x+1)d/2, whence f = y−x(x+1)d/2 is a clear choice. We also have that the x- and
y-coordinates of the pis solve yx

d/2−1 = (−1)itd/2(x + 1)d/2. By considering the vertical
line x = ζ idt, it is easily seen that −pi is the reflection of pi across the x-axis. Hence, the
function g = yxd/2−1 − td/2(x+ 1)d/2 vanishes at (ζ idt, (−1)iζ idt(ζ idt+ 1)d/2) = (−1)ipi.

Proposition 2.3. The following equalities hold over Ed(Kd):

(a)
d−1∑
i=0

pi = qt and (b)
d−1∑
i=0

(−1)ipi = q1.

Proof. Consider the rational function f = y−x(x+1)d/2 ∈ Kd(Ed). As f is a polynomial
in x and y, it is regular at every point on Ed except possibly o. The zeros of f on Ed

have x-coordinates that solve x2(x + 1)d = x(x + 1)(x + td). Noting x = 0 and x = −1
solve this polynomial, we can verify that q0 and q1 solve f = 0. As previously discussed,
every pi, i ∈ Z/dZ, also solves f = 0. Thus, f has at least d+ 2 zeros over Ed ∩ Az.

We now switch coordinates to Ay, to analyse the behaviour of f at o. By replacing x
with X

Z
and y with Y

Z
, we see that f has equation

Y Zd/2 −X(X + Z)d/2

Z1+d/2

in projective coordinates. Setting Y = 1, we see that

f =
zd/2 − x(x+ z)d/2

z1+d/2

over Ay. The equation of Ed over Ay is similarly z = x(x + z)(x + tdz), whence we
see x | z in Mo. Recalling that Mo = (x, z) = (x) is a maximal ideal of Kd[Ed]o, we
see x is irreducible in Kd[Ed]o. Thus, we have x ∈ Mo \M2

o , proving ordo(x) = 1. It
follows that ordo(z) = ordo(x) + ordo(x + z) + ordo(x + tdz) = 3. Consequently, we
have ordo(f) = −(d + 2). Recalling that f has the same number of zeros as poles by
Proposition 1.15(b), it follows that q0, q1, and the pis are all the zeros of f . Moreover,
each must be an order 1 zero of f . By Abel’s theorem, we get

d−1∑
i=0

pi = q0 + q1 = qt.

9
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This proves (a).
For (b), consider the rational function g = yxd/2−1 − td/2(x + 1)d/2, which is again

regular on Ed except possibly at o. The x-coordinates of its zeros on Ed ∩ Az solve
xd−1(x + 1)(x + td) = td(x + 1)d. Noting x = −1 is a root of this polynomial, we can
verify that q1 is a zero of g. As previously discussed, all (−1)ipi, 0 ≤ i ≤ d− 1, are also
zeros of g. Now note

g =
xd/2−1 − td/2(x+ z)d/2

zd/2

over Ay. We read off that ordo(g) = −(d+1) so that the previously mentioned zeros are,
in fact, all the zeros of g. More precisely, they are order 1 zeros of g. Abel’s theorem now
yields the required result.

Adding and subtracting the two relations yield

2

(d−2)/2∑
i=0

p2i = 2

(d−2)/2∑
i=0

p2i+1 = q0. (5)

Hence, the subgroup generated by the pis contains every order 2 point of Ed.
There is a homomorphism Zd → Ed(Kd) sending a = (a0, . . . , ad−1) ∈ Zd to

∑d−1
i=0 aipi.

By Proposition 2.3, ⟨(2, 2, 2, 2, . . . , 2), (2,−2, 2,−2, . . . ,−2)⟩ is in the kernel of this map.
Thus, if

G = Zd/⟨(2, 2, 2, . . . , 2), (2,−2, 2,−2, . . . ,−2)⟩,

then we have an induced homomorphism G→ Ed(Kd). As the d× 2 Z-matrix[
2 2 2 2 · · · 2
2 −2 2 −2 · · · −2

]
has Smith Normal Form2 [

2 0 0 0 · · · 0
0 4 0 0 · · · 0

]
,

we see3

G ∼= Zd−2 ⊕ Z/2Z⊕ Z/4Z. (6)

We remark that, by Proposition 2.3 and equation (5), every order 2 element of Ed is the
image of an order 2 element of G. We to use this to establish the following:

Proposition 2.4. The homomorphism G → Ed(Kd) given by mapping the coset of
(a0, . . . , ad−1) in G to

∑d−1
i=0 aipi ∈ Ed(Kd) is injective. In particular, the subgroup of

Ed(Kd) generated by p0,p1, . . . ,pd−1 is isomorphic to G.

Proof. Recall from Corollary 2.2 that the map ν : Ed(Kd)/2Ed(Kd)→ (Z/2Z)d restricted
to the subgroup generated by p0 + 2Ed(Kd), . . . ,pd−1 + 2Ed(Kd) is a surjection. The
homomorphism G → Ed(Kd) induces a homomorphism G/2G → Ed(Kd)/2Ed(Kd). As
the image of G→ Ed(Kd) is the subgroup of Ed(Kd) generated by p0, . . . ,pd−1, we deduce
that the composed map

G/2G→ Ed(Kd)/2Ed(Kd)
ν−→ (Z/2Z)d (7)

2as defined in Part A Rings and Modules [4, Theorem 10.3].
3by the proof of [4, Theorem 11.4] from Part A Rings and Modules.
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is surjective. As |G/2G| = |(Z/2Z)d|, we deduce that (7) is an isomorphism, so that
G/2G→ Ed(Kd)/2Ed(Kd) is injective.

Suppose
∑d−1

i=0 aipi = o for some a = (a0, . . . , ad−1) ∈ Zd. Denote the coset of a in
G by a. Then, a ∈ 2G, so that each ai is even. Hence, we can write a = 2a′ in Zd. It
follows that

∑d−1
i=0 a

′
ipi has order 2, so there is b(1) ∈ Zd whose coset in G has order 2 and∑d−1

i=0 a
′
ipi =

∑d−1
i=0 b

(1)
i pi. Then, the coset of a′ − b(1) is in 2G, so that 1

2
(a′ − b(1)) ∈ Zd

and
∑d−1

i=0
a′i−b

(1)
i

2
pi has order 2. Repeating this argument, there are b(ℓ), ℓ ∈ N, whose

coset in G has order 2, such that 1
2k
(a′ −

∑k
ℓ=1 2

ℓ−1b(ℓ)) ∈ Zd for every k ∈ N.
As a = 2a′ −

∑k
ℓ=1 2

ℓb(ℓ), we see that a is divisible by arbitrarily large powers of 2 in
G. As there are no non-trivial elements of Z, Z/2Z, and Z/4Z divisible by arbitrarily
large powers of 2, equation (6) forces a = 0G. Hence, G→ Ed(Kd) is injective.

Thus, we see that the subgroup of Ed(Kd) generated by the pis has rank d− 2.

2.1.3 From Kd to Fp(t)

We now establish Ed(Fp(t)) also has large rank. Note Kd/Fp(t) is Galois as Kd is the
splitting field of xd − 1 ∈ Fp(t)[x]. As every automorphism in Gal(Kd/Fp(t)) fixes t,
Gal(Kd/Fp(t)) ∼= Gal(Fp(µd)/Fp). It is well-known that the latter is cyclic and generated
by the Frobenius automorphism [7, Chapter 14.3]. Now, as d = pf + 1 | p2f − 1, we
conclude xd−1 | xp2f −x. Conversely, if xd−1 | xpa−x for some integer a, then d|pa−1.
Hence, d | pa+pf = pf (pa−f +1), so that d | pa−f +1. Thus, pa−f ≥ pf , implying a ≥ 2f .
Therefore, the smallest value of a for which xd − 1 | xpa − x is 2f , so that Fp(µd) = Fp2f .
Consequently, Gal(Kd/Fp(t)) = ⟨Fr⟩ where Fr : Kd → Kd is the automorphism acting on
Fp(µd) by the usual map x 7→ xp for x ∈ Fp(µd) and identity on t. Note Fr has order 2f .

For p ∈ Ed(Kd), let Fr act coordinate-wise on p, noting that as the equation of Ed is
defined over Fp(t), Fr(p) ∈ Ed(Kd). Let o denote the orbit of p. If q1,q2, . . . ,qr are the
distinct elements of o, then Fr simply permutes them. Moreover, if p,q ∈ Ed(Kd), recall
that p + q can be expressed by rational functions of the coordinates of p and q. Thus,
Fr(p+ q) = Fr(p) + Fr(q). Hence,

∑
q∈o q ∈ Ed(Fp(t)) by Proposition 1.8(b).4

Proposition 2.5. Let ϕ be Euler’s totient function, and orde(p) the order of p in (Z/eZ)×.
Then,

RankEd(Fp(t)) ≥
∑

e|d,e>2

ϕ(e)

orde(p)
.

In particular, RankEd(Fp(t)) ≥ pf−1
2f

.

Proof. Recall pi = (ζ idt, ζ
i
dt(ζ

i
dt + 1)d/2). Thus, Frj pi = (ζ ip

j

d t, ζ ip
j

d t(ζ ip
j

d t + 1)d/2) = pipj .
Thus, the orbit of pi is {pk : k ≡ ipj (mod d), 0 ≤ j ≤ 2f −1}. If o is such an orbit write

po =
∑
pi∈o

pi ∈ Ed(Fp(t)).

Let H be the subgroup of G corresponding to the subgroup generated by the po, where
o ranges over all possible orbits. We have H ∼= Zr ⊕ Htor, where Htor is a subgroup of
Z/2Z⊕Z/4Z by equation (6). Hence, H/2H ∼= (Z/2Z)r+s where s = 0, 1, or 2 depending
on whether H contains 0, 1, or all 3 order 2 elements of G.

4This is akin to the “trace” operator of algebraic number theory.
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By Corollary 2.2, the points po are Z/2Z-linearly independent. Thus, r + s is the
number of orbits, which we now compute. Notice that k ≡ ipj (mod d) if and only if

k
gcd(i,d)

≡ i
gcd(i,d)

pj (mod d
gcd(i,d)

). Letting e = d
gcd(i,d)

, we conclude that the orbit of pi

consists of orde(p) elements when e > 1, and contains 1 element when e = 1. As the
orbit of pi is a subset of the ϕ(e) elements pj, where gcd(j, d) = gcd(i, d), and each such
pj has a same-size orbit, this gives

number of orbits = 1 +
∑

e|d,e≥2

ϕ(e)

orde(p)
.

Finally, note that qt =
∑

po, where the sum ranges over the possible orbits. Also, as d
is even, if pi and pj share the same orbit, then i ≡ j (mod 2). Thus, both

∑
i even pi and∑

i odd pi are in the subgroup generated by the po, so that q0 and q1 are both in the said
subgroup. Thus, s = 2 and, noting ϕ(2)/ ord2(p) = 1,

RankEd(Fp(t)) ≥ r =
∑

e|d,e>2

ϕ(e)

orde(p)
(8)

as claimed.
For the final remark, note that d | p2f−1, implies p2f ≡ 1 (mod e) for every e dividing

d. Thus, for all such e, orde(p) ≤ 2f . Combining equation (8) with
∑

e|d ϕ(e) = d, we see

that RankEd(Fp(t)) ≥ pf−1
2f

.

As f →∞, it is clear that RankEd(Fp(t))→∞. Hence, we have proved the following:

Theorem 2.6. Let p be an odd prime. The family of Legendre elliptic curves

Ed : y
2 = x(x+ 1)(x+ td)

defined over Fp(t) has unbounded rank as d varies.

3 Conceição’s Construction

In this section, we present Conceição’s construction [3] of a family of elliptic curves with
arbitrarily large rank. The curves under consideration are so-called “quadratic twists” of
the Legendre curve

Ẽd : (t
qd − t)y2 = x3 − x,

defined over Fq(t), where q ≡ 3 (mod 4) and q is a power of a prime. The underlying
philosophy of Conceição’s construction is that elliptic curves with many integral points
(points defined over Fq[t]) tend to have large rank. Hence, Conceição demonstrates that
Ẽd(Fq(t)) has rank at least d by constructing many integral points on this curve.

The methodology of proof is similar to Ulmer’s strategy showing that the family of
Legendre curves had large rank over Fp(t). Recall that in section 2, we first proved that
the pis were Z/2Z-linearly independent, then computed relations among the pis to prove
that they generate a group of rank d − 2. We follow a similar course of action: after
constructing the integral points in section 3.1, and introducing some geometric ideas in
section 3.2, we prove that the constructed points are Fp-linearly independent in section
3.3. This allows us to conclude that the constructed points are Z-linearly independent
in section 3.4. We then apply similar methods to two other examples in section 3.5, and
conclude by discussing a procedure for finding points on elliptic curves in section 3.6.
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3.1 Construction of Points

We now describe Conceição’s construction of many integral points on the curves Ẽd. We
take a brief detour into the world of Fq-additive polynomials.

3.1.1 Properties of Fq-additive polynomials

Definition 3.1. Let q be a power of a prime p. An Fq-additive polynomial is an element

of Fq[t] of the form A(t) =
∑N

i=0 ait
qi , for some integer N ≥ 0 and ai ∈ Fq, for 0 ≤ i ≤ N .

Note if F : t 7→ tq is the usual q-power Frobenius map, then we can regard every Fq-

additive polynomial as a polynomial in F. For example, we can regard A(t) =
∑N

i=0 ait
qi

as the polynomial
∑N

i=0 aiF
i, where F0 = t and Fi = F◦Fi−1 for i ≥ 1. We hence denote

the set of Fq-additive polynomials as Fq[F].

Proposition 3.2. The set of Fq-additive polynomials, Fq[F], is a commutative ring with
multiplication given by composition. Moreover, Fq[F] is isomorphic to Fq[t].

Proof. It is clear that (Fq[F],+) forms an additive subgroup of (Fq[t],+). Now suppose

A(t) =
∑N

i=0 ait
qi and B(t) =

∑M
i=0 bit

qi . Then

A(B(t)) =
N∑
i=0

ai

(
M∑
j=0

bjt
qj

)qi

=
N∑
i=0

M∑
j=0

aibjt
qi+j

=
M+N∑
k=0

 ∑
i+j=k,
i,j≥0

aibj

 tq
k

.

Hence, Fq[F] is closed under multiplication. By symmetry, A(B(t)) = B(A(t)), so Fq[F] is
a commutative ring. The computation of A◦B makes it clear that the map Fq[t]→ Fq[F]
given by

N∑
i=0

ait
i 7→

N∑
i=0

ait
qi

is an isomorphism of rings.

Hence, given an Fq-additive polynomial A(t) =
∑N

i=0 aiF
i ∈ Fq[F], we can associate a

polynomial A0(t) =
∑N

i=0 ait
i ∈ Fq[t]. Then, A(t) = A0(F).

3.1.2 Many points on EA

We now work with a slightly more general elliptic curve

EA : A(t)y2 = x3 − x,

where A(t) = A0(F) is a squarefree Fq-additive polynomial. Note the curves Ẽd are the

curves EA where A(t) = tq
d − t ∈ Fq[F]. We shall show that, under certain assumptions

on A(t) that are readily satisfied by tq
d − t, the curve EA contains many integral points.

We begin by observing that if d ≡ 3 (mod 4), the cubic curve (td − t)y2 = x3 − x

contains the point (t
d−1
2 , t

d−3
4 ).

Lemma 3.3. Let EA be as above. Suppose tmi − 1 | A0(t), where the mi are odd positive
integers, with 1 ≤ i ≤ ℓ, and q ≡ 3 (mod 4). Then EA has at least ℓ integral points.

13
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Proof. For each i, write A0(t) = (tmi − 1)Bi(t). By the isomorphism between Fq[t] and
Fq[F] described in Proposition 3.2, this means that A(t) = Bi(F)

qmi − Bi(F). Then,
qmi ≡ 3 (mod 4), so, by our earlier observation, EA contains the points

bi = (Bi(F)
(qmi−1)/2, Bi(F)

(qmi−3)/4). (9)

It remains to see that the bis are distinct. Suppose that A(t) has degree qn, so that
Bi(F) has degree qn−mi . Then, Bi(F)

(qmi−1)/2 has degree 1
2
(qn − qn−mi), so that the x-

coordinates of the bis all have different degrees. Hence, the bis are a set of ℓ distinct,
integral points.

We now record some information about the bis that will be useful when proving that
the bis are Fp-linearly independent. For convenience, we set Fi = Bi(F)

(qmi−1)/2 and
Gi = Bi(F)

(qmi−3)/4, so that bi = (Fi, Gi).

Proposition 3.4. Let A(t) be as in the setting Lemma 3.3, and let bi = (Fi, Gi), for
1 ≤ i ≤ ℓ, be the set of ℓ distinct integral points on EA. Then for every i, there is a
βi ∈ F×

q such that F ′
i = βiG

2
i .

Proof. Suppose A(t) =
∑N

i=0 ait
qi is square-free. Then a0 ̸= 0, so that t ∤ Bi(t). Hence,

the coefficient of t in the expansion of Bi(F) is non-zero, implying Bi(F)
′ ∈ F×

q . Thus,

F ′
i =

(
qmi−1

2
Bi(F)

′)G2
i , so we can take βi = −2−1Bi(F)

′ ̸= 0.

Thus, we have constructed ℓ integral points on EA, and have made a simple, but
crucial, observation that will help show that these points are Fp-linearly independent.

3.2 Some geometric machinery

One of the key ideas in modern geometry is that the properties of a geometric space can be
characterised “well by ... the functions on this space” [33, Chapter 3.1]. The purpose of
this section is to show that the points bi can be viewed as maps between curves, enabling
us to translate the problem of Z-linear independence of the bi to Z-linear independence
of maps between curves. As we shall later see, the latter can be more readily analysed.

3.2.1 Curves and rational maps

Let K be a field. A (planar) curve is defined as the locus of zeros of a polynomial

P ∈ K[x, y] viewed in projective space PK2
[9, Chapter 5.1]. Notice that elliptic curves

are a special type of curve. We similarly define the coordinate-ring K[C], function field
K(C), and K-rational points C(K) for a curve C as we did for elliptic curves.

Definition 3.5 ([26, Chapter I.3]). Let C1 and C2 be curves over a field K. A K-rational
map from C1 to C2 is a map of the form

ϕ : C1 → C2, ϕ : p 7→ [f1(p) : f2(p) : f3(p)]

where f1, f2, f3 ∈ K(C1) are functions, not all zero, so that for every point p ∈ C1,
[f1(p) : f2(p) : f3(p)] ∈ C2 whenever the latter is well-defined. We denote the set of
K-rational maps from C1 to C2 by RatK(C1, C2).

If the ground field K is clear from the context, or unimportant, we often drop the
prefix K.

14
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Remark 3.6. A rational map ϕ = [f1 : f2 : f3] can be thought as the statement that there
are p1, p2, and p3 representatives of f1, f2, and f3, respectively, such that if P (X, Y, Z) = 0
is the projective equation of C2, then the formal equality

P (p1(X, Y, Z), p2(X, Y, Z), p3(X, Y, Z)) = 0

holds. This is the perspective taken in this essay. The qualification “whenever ... well-
defined” arises because there may be points p ∈ C1 where every fi vanishes or some fi
has a pole. Hence, we exclude those points. See [9, Chapter 6] or [33, Chapter 7.5] for a
more rigorous treatment.

3.2.2 A change of view

We now return to the particular case of elliptic curves. Suppose ϕ, ψ : C → E are two
rational maps from a curve C to an elliptic curve E. Then, we can define (ϕ+ψ) : C → E
sending p ∈ C to ϕ(p) + ψ(p), the latter being addition using the group law on E. As
addition on E is given by rational functions, it follows that ϕ+ ψ is also a rational map.
It follows that Rat(C,E) is an Abelian group.

Now let E be the elliptic curve y2 = x3 − x over Fq, C the curve s2 = A(t) over Fq,
and EA as before. Let L be the function field of C. We show that the points of EA(L)
can be identified with RatFq(C,E).

First, suppose p = [F (s, t) : G(s, t) : H(s, t)] ∈ EA(L). Then, we have

A(t)G2H = (sG)2H = F 3 − FH2.

Hence, given (s, t) ∈ C(Fq), we simply evaluate [F : sG : H] at (s, t) ∈ C to obtain a point
on E(Fq), provided this is well-defined. This gives an element of RatFq(C,E). In the other
direction, suppose that ϕ = [f1 : f2 : f3] ∈ RatFq(C,E). Then, [f1 : f2/s : f3] ∈ EA(L).
It is clear that these maps are inverses to each other, so EA(L) and RatFq(C,E) are in
bijection with each other. Appealing to the fact that addition on an elliptic curve can
be given by rational functions, it is easy to see that the map EA → RatFq(C,E) and its
inverse are isomorphisms of Abelian groups.

Observe that we can regard Fq(t) ⊆ L, and hence EA(Fq(t)) ⊆ EA(L). To each
bi = (Fi, Gi) we can therefore associate the rational map ϕi : C → E given by sending
(s, t) 7→ (Fi, sGi). As EA(L) ∼= RatFq(C,E), and thus EA(Fq(t)) injects into RatFq(C,E),
we see that the bi are Z-linearly independent if and only if the ϕi are.

3.3 A homomorphism

Recall that in Ulmer’s proof that the family of Legendre curves have arbitrarily large rank,
once the points were constructed on Ed(Kd), the next task was to understand their rank.
As explicit computations using the group law is unwieldy, it is natural to find a group
homomorphism from the group of points on an elliptic curve to a familiar structure—in
Ulmer’s case (Z/2Z)d. Our aim in this section is essentially the same: we construct a
homomorphism to a 1-dimensional Fq(C)-vector space—the space of differential forms on
C (which we define below). This will reveal that the ϕi are Fp-linearly independent.

3.3.1 Differential forms, the invariant differential, and linearity of the pull-
back

We begin by discussing properties of differential forms from [26, Chapter II].
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Definition 3.7. Let C be a curve over a field K. The space of differential forms on C,
denoted by ΩC is the K(C)-vector space generated by symbols of the form df , f ∈ K(C),
subject to the relations

• d(f + g) = df + dg, for every f, g ∈ K(C);

• d(fg) = fdg + gdf , f, g ∈ K(C);

• d(a) = 0, for every a ∈ K.

Remark. Differential forms arise naturally when the ground field is C. See [28].

We will see that differential forms can turn addition of rational maps from a curve C
to an elliptic curve E (which is really addition using the group law on E) into addition
on a vector space.

Lemma 3.8. ΩC is a 1-dimensional K(C)-vector space.

Proof. See [26, Proposition II.2.4.2].

An immediate consequence of Lemma 3.8 is that if df, dg are non-zero elements of ΩC ,
then there is h ∈ K(C) such that df = hdg. We denote h by df

dg
.

Let C1 and C2 be two curves over a field K, and let ΩC1 and ΩC2 be their respective
spaces of differentials forms. Suppose that ϕ : C1 → C2 is a rational map. Then, there is
a homomorphism of function fields

ϕ∗ : K(C2)→ K(C1), f 7→ f ◦ ϕ.
Additionally, ϕ∗ induces a pullback of differential forms (which we also denote by ϕ∗)
given by

ϕ∗ : ΩC2 → ΩC1 ,
n∑

i=1

fidgi 7→
n∑

i=1

ϕ∗(fi)dϕ
∗(gi).

As ϕ∗ : K(C2) → K(C1) is a field homomorphism, one easily checks that the induced
map ΩC2 → ΩC1 is well-defined.

We now record some properties of the space of differential forms on an elliptic curve
E with the usual Weierstraß equation (2) from [26, Chapter III].

Definition 3.9. The invariant differential ω ∈ ΩE is defined by

ω =
dx

2y + a1x+ a3
=

dy

3x2 + a2x+ a4

One easily checks that dx/(2y + a1x + a3) = dy/(3x2 + a2x + a4) by differentiating
through the Weierstraß equation of E (2).

Proposition 3.10 (Linearity of the Pullback). Let C be a curve and an E an elliptic
curve, both defined over K. Suppose ϕ, ψ are elements of the Abelian group RatK(C,E).
Then if ω is the invariant differential of E,

(ϕ+ ψ)∗(ω) = ϕ∗ω + ψ∗ω.

Proof. See [26, Proposition III.5.2]. Even though the statement of [26, Proposition III.5.2]
only deals with the case of C being an elliptic curve, the proof holds even without that
assumption.

Thus we see that the invariant differential has the special property that the it makes
the pullback of differentials linear. Consequently, we have a well-defined homomorphism
of Abelian groups Rat(C,E)→ ΩC .

16
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3.3.2 The ϕi are Fp-linearly independent

Let EA, E, and C be as in section 3.2.2. Recall that we had constructed various points
bi ∈ EA(Fq(t)), and to each bi we associated a rational map ϕi ∈ RatFq(C,E). Suppose
ωE = dx

2y
is the invariant differential on E. Noting that A′(t) ∈ F×

q as A(t) is a square-

free Fq-additive polynomial, let ωC ∈ ΩC be the differential dt
2s

= ds
A′(t)

. As ds and dt

generate the 1-dimensional Fq(C)-vector space ΩC , at least one of them must be non-
zero. Consequently, we have ωC ̸= 0. Then, by the calculation in Proposition 3.4,

ϕ∗
i (ωE) =

d(ϕ∗(x))

2ϕ∗(y)
=

dFi(t)

2sGi(t)
= βiGi(t)ωC . (10)

Lemma 3.11. Suppose that there are integers m1,m2, . . . ,mℓ ∈ Z so that
∑ℓ

i=1mibi = o.
Then p | mi for every 1 ≤ i ≤ ℓ.

Proof. Suppose
∑ℓ

i=1mibi = o. By section 3.2.2, this implies
∑ℓ

i=1miϕi = 0. By
linearity of the pullback,

0 =

(
ℓ∑

i=1

miϕi

)∗

(ωE) =
ℓ∑

i=1

miϕ
∗
i (ωE) =

(
ℓ∑

i=1

miβiGi(t)

)
ωC ,

where mi denotes the reduction of mi modulo p. As ωC is non-zero, it follows that∑ℓ
i=1miβiGi(t) = 0 in Fq(t). But, we have already seen that the Fis have distinct degrees

in the proof of Lemma 3.3, so, by Proposition 3.4, we conclude that the polynomials βiGi

also have distinct degrees. Hence, the polynomials βiGi(t) are Fq-linearly independent,
so we must have mi = 0 for every i.

We conclude that the ϕi, and hence the bi, are Fp-linearly independent.

3.4 The p-torsion group

We now leverage Lemma 3.11 to prove that the bi are Z-linearly independent.

Definition 3.12. Let E be an elliptic curve and m a positive integer. The m-torsion
subgroup, denoted E[m], is the subgroup {p ∈ E : mp = o}.

The elliptic curve EA from before belongs to a family of elliptic curves known as
supersingular elliptic curves. These elliptic curves are characterised by the fact that their
p-torsion group is trivial. When an elliptic curve has Weierstraß form y2 = f(x), there is
a simple criterion for determining if the curve is supersingular.

Proposition 3.13. Let q be a power of an odd prime p, let C be a curve over Fq, and let
L = Fq(C) be its function field. Suppose E is an elliptic curve over L with Weierstraß
form y2 = f(x), for some cubic polynomial f ∈ L[x]. Then, E is supersingular if and
only if the coefficient of xp−1 in the expansion of f(x)(p−1)/2 is zero.

Proof. See [32, Lecture 1, Section 3].

We now return to the elliptic curve EA : A(t)y2 = x3−x. As before, let C be the curve
s2 = A(t) over Fq, and let L be its function field. Then, under the change of variable
(x̃, ỹ) = (x, sy), the elliptic curve EA assumes Weierstraß form ỹ2 = x̃3 − x̃ over L. As

(x̃3 − x̃)(p−1)/2 = x̃(p−1)/2(x̃2 − 1)(p−1)/2,

17
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the coefficient of x̃(p−1)/2 in (x̃2 − 1)(p−1)/2 is zero provided p ≡ 3 (mod 4) (as p−1
2

is
then odd). As (x̃, ỹ) = (x, sy) is a linear change of variable, supersingularity is preserved
under this transformation due to the geometric description of the group law. Thus, EA

is supersingular over L when p ≡ 3 (mod 4). Viewing Fq(t) ⊂ L, it follows that EA is
supersingular over Fq(t).

Suppose there are m1, . . .mℓ ∈ Z not all zero such that
∑ℓ

i=1mibi = o. Let pk be the
largest power of p dividing m1, . . . ,mℓ. Then m

′
i = mi/p

k is an integer for each i, and

ℓ∑
i=1

mibi = pk
ℓ∑

i=1

m′
ibi = o.

As the p-torsion group of EA is trivial, it follows that
∑ℓ

i=1m
′
ibi = o. But then there

exists some integer i such that p ∤ m′
i, contradicting Lemma 3.11. Hence, the bi are

Z-linearly independent. We have thus proved the following:

Theorem 3.14 ([3, Theorem 7.1]). Let q be a power of a prime such that q ≡ 3 (mod 4),
and let A(t) = A0(F) be a squarefree Fq-additive polynomial. Suppose there are distinct
odd positive integers m1,m2, . . .mℓ such that tmi − 1 | A0(t). Then the elliptic curve
EA : A(t)y2 = x3−x contains the Z-linearly independent integral points b1, . . . ,bℓ defined
in (9). In particular, EA has rank at least ℓ.

If we now specialise A(t) = tq
d − t, we see that for every odd divisor m of d,

the polynomial tm − 1 divides A0(t) = td − 1. Thus, we conclude that the curves
Ẽd : (t

qd − t)y2 = x3 − x considered at the start of this section has rank at least the
number of odd divisors of d. This is clearly unbounded as d varies.

3.5 Two more examples

We now show how Conceição’s proof adapts to two other elliptic curves. In both examples,
we follow Conceição’s construction of explicit points on the curves [3]. Conceição remarks
(without proof) that the methods of Theorem 3.14 may be adapted to the elliptic curve
A(t)x3 = y2 − y. We fill in the details in the first example below. The proof of Z-linear
independency of the constructed points in the second example is also similar to the proof
of Theorem 3.14, and is an original extension of the author’s.

Theorem 3.15 ([3, Remark 7.3]). Suppose A(t) = A0(F) is a squarefree Fq-additive
polynomial, where q is a prime power such that q ≡ 2 (mod 3). Suppose there are distinct
odd positive integers m1,m2, . . .mℓ such that tmi − 1 | A0(t). Then the elliptic curve
EA : y2 − y = A(t)x3 has rank at least ℓ.

Remark. These curves are so-called cubic twists of the Hessian elliptic curve. We discuss
the properties of the Hessian family in section 4.

Proof. We begin with the observation that the curve y2 − y = (td − t)x3 contains the
integral point (t(d−2)/3, td−1) whenever d ≡ 2 (mod 3). Writing A0(t) = (tmi − 1)Bi(t)
for each i, so that A(t) = (Bi(F))

qmi − Bi(F), we find EA contains the integral point
bi = (Bi(F)

(qmi−2)/3, Bi(F)
qmi−1). Write bi = (Fi(t), Gi(t)). Then, as the degree of Bi(F)

is qn−mi , the degree of Gi is q
n− qn−mi . It follows that the Gis all have different degrees.

Let C be the non-singular curve s3 = A(t) over Fq, E the elliptic curve y2 − y = x3

over Fq, and L = Fq(C). We again have that if [F (s, t) : G(s, t) : H(s, t)] ∈ EA(L), then
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evaluating (s, t) 7→ [sF : G : H] gives a Fq-rational map C → E. Hence, this determines
a map EA(L)→ RatFq(C,E). As before, this map is invertible and is an isomorphism of
Abelian groups. Viewing EA(Fq(t)) ⊂ EA(L), we can associate each bi to a rational map
ϕi ∈ RatFq(C,E); moreover the bi are Z-linearly independent if and only if the ϕi are.

Let ωE = dy
3x2 be the invariant differential on E. Then,

ϕ∗
i (ωE) =

dGi(t)

3F 2
i s

2
=

G′
idt

3F 2
i s

2
.

Now, if βi = −(Bi(F))
′, then βi ∈ F×

q because A(t) is square-free and

G′
i = −Bi(F)

qmi−2(Bi(F))
′ = −F 3

i (Bi(F))
′ = βi(Fi)

3. (11)

Hence, as the Gis all have different degrees, so do the Fis by equation (11). Thus, if
ωC = dt

3s2
∈ ΩC ,

ϕ∗
i (ωE) = βiFiωC .

As ds, dt generate ΩC , and A′(t) ∈ F×
q , we again see ωC = dt

3s2
= ds

A′(t)
is non-zero. By

essentially the same argument as Lemma 3.11, we see that the ϕis, and hence the bis,
are Fp-linearly independent.

It remains to show that the curve EA is supersingular. Observe that the change of
variable (x̃, ỹ) = (sx, y) puts EA in the form of E over L; thus, EA is supersingular over
L, and hence over Fq(t), provided E is supersingular over L. For q a power of 2, we give
an elementary proof of this in Appendix B. If q is odd, then we can write the equation
of E as (y − 2−1)2 = x3 + 4−1. So, if we change coordinates X = x, Y = y − 2−1, E will
then have Weierstraß form Y 2 = X3+4−1. Then, the coefficient of Xp−1 in the expansion
of (X3 + 4−1)(p−1)/2 is zero if 3 ∤ p − 1. Hence, by Proposition 3.13, we see that E is
supersingular if p ≡ 2 (mod 3) (which must be the case as q ≡ 2 (mod 3)).

Thus, suppose there are integers m1, . . .mℓ not all zero such that
∑ℓ

i=1mibi = o.
As EA is supersingular, we can assume the mi are not all divisible by p. But then, this
contradicts the Fp-linear independence of the bis. It follows that the bis are Z-linearly
independent; consequently, EA(Fq(t)) has rank at least ℓ.

Corollary 3.16. The elliptic curve (tq
d−t)x3 = y2−y has rank at least the number of odd

divisors of d over Fq(t), where q ≡ 2 (mod 3). In particular, this curve has unbounded
rank as d varies.

Proof. As we have noted before, if A(t) = tq
d − t then for every odd divisor m of d,

tm − 1 | A0(t). Thus by Theorem 3.15, the claim follows.

We now present a second family of elliptic curves with arbitrarily large rank.

Theorem 3.17. Let n be an odd, positive integer. Suppose p ≥ 7 is a prime, and q ≡ 3
(mod 4) is a power of p. Then the family of elliptic curves E

(2)
n : y2 = x3 − (tq

n+1 + 1)x
has unbounded rank over Fq(t) as n varies.

We begin with the following lemma:

Lemma 3.18. Suppose A = (aij)i,j=1,2 is a 2 × 2 orthogonal matrix over Fq. Then, for
any non-negative integer m, the identity

(a11X + a12Y )q
m+1 + (a21X + a22Y )q

m+1 = Xqm+1 + Y qm+1

holds over Fq[X, Y ].
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Proof. This follows from the following computation:

Xqm+1 + Y qm+1 =
[
Xqm Y qm

] [X
Y

]
=
[
Xqm Y qm

]
ATA

[
X
Y

]
=

(
A

[
Xqm

Y qm

])T (
A

[
X
Y

])
=

[
(a11X + a12Y )q

m

(a21X + a22Y )q
m

]T [
a11X + a12Y
a21X + a22Y

]
= (a11X + a12Y )q

m+1 + (a21X + a22Y )q
m+1.

Proof (of Theorem 3.17). Let m be a (odd) positive divisor of n, so that qm + 1 | qn + 1.

Set r = qn+1
qm+1

. Let A =

[
a b
c d

]
be a 2× 2 orthogonal Fq matrix with abcd ̸= 0. We may

further assume a = d and b = −c. Certainly, such a matrix exists over Fq as we could

take A =

[
3 · 5−1 4 · 5−1

−4 · 5−1 3 · 5−1

]
. Conceição notes that the curve E

(2)
n has the integral point

br = (−(ctr + d)(q
m+1)/2, (atr + b)(q

m+1)/2(ctr + d)(q
m+1)/4).

We explain the existence of this point in the next section. For now, we can verify that
br lies on E

(2)
n as by Lemma 3.18:

tq
n+1 + 1 = (tr)q

m+1 + 1 = (atr + b)q
m+1 + (ctr + d)q

m+1.

Then,

(atr + b)q
m+1(ctr + d)(q

m+1)/2 = −(ctr + d)3(q
m+1)/2 + (ctr + d)(q

m+1)/2(tq
n+1 + 1)

from which it is clear that br ∈ E
(2)
n . Note the conditions of the theorem ensure that

qm + 1 ≡ 0 (mod 4), so that br is a well-defined integral point of E
(2)
n (Fq(t)).

Let C be the curve s4 = tq
n+1 + 1 over Fq, L = Fq(C) its function field, and E be the

elliptic curve y2 = x3 − x over Fq. Note if y2 = x3 − s4x, then (y/s3)2 = (x/s2)3 − x/s2.
Hence, under a linear coordinate change in L, the elliptic curve E

(2)
n assumes the equation

of E; consequently, by the computation in section 3.4, E
(2)
n is supersingular over L. Also,

every point (F,G) ∈ E(2)
n (L) corresponds to a rational map (s, t) 7→ (F/s2, G/s3) from

C → E. As usual, this correspondence is invertible so E
(2)
n (L) ∼= RatFq(C,E). Viewing

E
(2)
n (Fq(t)) ⊂ E

(2)
n (L), let ϕr be the Fq-rational map corresponding to each br.

Let ωE = dx
2y

be the invariant differential of E. Then if br = (Fr(t), Gr(t))

ϕ∗
r(ωE) =

d(Fr(t)/s
2)

2Gr(t)/s3
=
sF ′

r(t)dt

2Gr(t)
− Fr(t)ds

Gr(t)
.

Now, s4 = tq
n+1 +1 implies 4s3t−qnds = dt. Consequently, as ds and dt generate ΩC , the
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differential t−qnds is non-zero. Thus, noting r ≡ 1 (mod p),

ϕ∗
r(ωE) =

(
2s4F ′

r(t)

Gr(t)
− tq

n
Fr(t)

Gr(t)

)
ds

tqn

=

(
−c(tqn+1 + 1)(ctr + d)(q

m−1)/2tr−1 + tq
n
(ctr + d)(q

m+1)/2

(atr + b)(qm+1)/2(ctr + d)(qm+1)/4

)
ds

tqn

=

(
−c(tqn+1 + 1)(ctr + d)(q

m−3)/4tr−1 + tq
n
(ctr + d)(q

m+1)/4

(atr + b)(qm+1)/2

)
ds

tqn

= tr−1(ctr + d)(q
m−3)/4

(
−c(tqn+1 + 1) + tq

n−r+1(ctr + d)

(atr + b)(qm+1)/2

)
ds

tqn

= tr−1(ctr + d)(q
m−3)/4

(
tq

n−r+1d− c
(atr + b)(qm+1)/2

)
ds

tqn
.

Recalling that qn + 1 = r(qm + 1), a = d, and b = −c gives

ϕ∗
r(ωE) = tr−1(ctr + d)(q

m−3)/4

(
trq

m
d− c

(atr + b)(qm+1)/2

)
ds

tqn

= tr−1(ctr + d)(q
m−3)/4

(
(atr + b)q

m

(atr + b)(qm+1)/2

)
ds

tqn

= (tr−1(atr + b)(q
m−1)/2(ctr + d)(q

m−3)/4)
ds

tqn
.

The degree of the first non-zero term in the polynomial tr−1(atr+b)(q
m−1)/2)(ctr+d)(q

m−3)/4

is r− 1. Therefore, these polynomials are Fq-linearly independent. Consequently, the ϕr,

and hence the br, are Fp-linearly independent. The fact that E
(2)
n (Fq(t)) is supersingular

allows us to conclude that the br are Z-linearly independent.
We conclude that the E

(2)
n (Fq(t)) has rank at least the number of divisors of n. This

is clearly unbounded as n varies.

We have thus seen two additional examples of families of elliptic curves that have
unbounded rank over appropriate function fields Fq(t). In these classes of examples,
we have seen that proving a set of integral points are Z-linearly independent followed
by essentially the same technique: after viewing the integral points as rational maps
between a curve and a supersingular elliptic curve, we consider the action of the rational
maps on the invariant differential. By linearity of the pullback, this allowed us to see
that our constructed points were Fp-linearly independent. We concluded our argument
by appealing to supersingularity. It remains to consider the task of constructing integral
points on elliptic curves.

3.6 The Conceição-Shioda Procedure for constructing points

In both Ulmer’s construction and the first two of Conceição’s constructions (Theorems
3.14 and 3.15), the key step to proving that their elliptic curves have unbounded rank
rested on finding a single integral point. For example, Ulmer first found (t, t(t+1)(p

f+1)/2)
on the Legendre curve y2 = x(x+1)(x+tp

f+1) before considering its Gal(Kd/Fp(t
d))-orbit

to find the d points pi in equation (4). Similarly, in Theorems 3.14 and 3.15, Conceição
first finds an integral point on each of the curves (td−t)y2 = x3−x and y2−y = (td−t)x3
before employing the theory of Fq-additive polynomials to find many integral points on
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A(t)y2 = x3−x and y2−y = A(t)x3, respectively. In this section, we exhibit a procedure
of Shioda [22, Sections 2-3] that was adapted by Conceição [3, Section 3] to construct
(integral) points on elliptic curves. We hence refer to this procedure as the “Conceição-
Shioda procedure”. We will show how this procedure explains the points br in the proof
of Theorem 3.17. As usual, we begin with the definitions.

Definition 3.19. Let n be a positive integer, and let A = (aij)1≤i,j≤n be a n× n matrix
with non-negative integer entries and non-zero determinant. Let e = (e1, e2, . . . , en) ∈ Fn

q .
The Delsarte hypersurface associated to A and e, XA(e), is defined to be the set of
solutions (X1, X2, . . . , Xn) ∈ Fn

q to the equation

n∑
i=1

eiX
ai1
1 Xai2

2 · · ·Xain
n = 0.

Remark 3.20. These are so-named due to Delsarte’s investigation of the number of solu-
tions to similar equations over Fq. See [6, Section 3].

Proposition 3.21. Let e = (ei)1≤i≤n ∈ Fn
q . Suppose A and C are two n×n matrices with

non-negative integer entries and non-vanishing determinant. Then, there is a positive
integer d such that B = dA−1C has integer entries, and we have a map XdC(e)→ XA(e)
given by

(X1, X2, . . . , Xn) 7→

(
n∏

j=1

X
b1j
j ,

n∏
j=1

X
b2j
j , . . . ,

n∏
j=1

X
bnj

j

)
whenever the latter is well-defined.

Remark 3.22. Just as with rational maps, this map need not make sense when, for ex-
ample, there are i, j such that Xi = 0 and bji < 0. This is the only exception, though.

Proof (of Proposition 3.21). The existence of such an integer d is clear. The following
computation affirms the existence of the proposed map:

n∑
i=1

ei

n∏
j=1

(
n∏

k=1

X
bjk
k

)aij

=
n∑

i=1

ei

n∏
j=1

n∏
k=1

X
aijbjk
k =

n∑
i=1

ei

n∏
k=1

X
∑n

j=1 aijbjk
k =

n∑
i=1

ei

n∏
k=1

Xdcik
k .

Definition 3.23. Let E be the elliptic curve

y2 + a1(t)xy + a3(t)y = x3 + a2(t)x
2 + a4(t)x+ a6(t)

over Fq(t). The (affine) elliptic surface5 E associated to E is defined to be the set of

solutions ([X : Y : Z], T ) ∈ PFq
2 × Fq to

Y 2Z + a1(T )XY Z + a3(T )Y Z
2 = X3 + a2(T )X

2Z + a4(T )XZ
2 + a6(T )Z

3.

Remark 3.24. The elliptic surface E can be thought of as the graph of E as t varies.
In this analogy, a point [X(t) : Y (t) : Z(t)] on the elliptic curve E corresponds to a
parametrised curve ([X(T ) : Y (T ) : Z(T )], T ) on E .

5Our definition of an elliptic surface slightly departs from the usual definition in the literature, but
this definition suffices for our purposes. See [32, Lecture 3] for the full construction.
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Conceição’s idea is to view appropriate elliptic surfaces E as Delsarte hypersurfaces.
By Proposition 3.21, this results in a map XdC(e) → E for suitable d, C, and e, where
XdC(e) is a Delsarte hypersurface. Then, the images of parametrised curves ℓ on XA(c)
are parametrised curves on E , and thus correspond to a point on the elliptic curve E by
Remark 3.24.

For example, take the elliptic curve E
(2)
n from Theorem 3.17. The associated elliptic

surface E is

Y 2Z + (−X)3 − T d(−X)Z2 − (−X)Z2 = 0, (12)

where d = qn + 1, n is odd, and q ≡ 3 (mod 4) is a power of a prime p ≥ 7. If we think
of this as a Delsarte hypersurface, then its associated matrix is

A =


0 2 1 0
3 0 0 0
1 0 2 d
1 0 2 0

 .
Then if s = qm + 1 for some m | n,

A−1 =


0 1/3 0 0
1/2 1/12 0 −1/4
0 −1/6 0 1/2
0 0 1/d −1/d

 and A−1


s 0 0 0
0 s 0 0
0 0 d 0
0 0 0 d

 =


0 s/3 0 0
s/2 s/12 0 −d/4
0 −s/6 0 d/2
0 0 1 −1

 .
Suppose that 12 | s. By Proposition 3.21, there is a map from the Delsarte hypersurface
X given by

Xs
1 +Xs

2 −Xd
3 −Xd

4 = 0 (13)

to the elliptic surface E given by

(X1, X2, X3, X4) 7→
(
[−Xs/3

2 : X
s/2
1 X

s/12
2 X

−d/4
4 : X

−s/6
2 X

d/2
4 ], X3/X4

)
.

Note the extra minus sign in front of X
s/3
2 comes from the way we have written the

equation of the elliptic surface E in equation (12). We rearrange the map X → E to read

(X1, X2, X3, X4) 7→
(
[−Xs/2

2 X
d/4
4 : X

s/2
1 X

s/4
2 : X

3d/4
4 ], X3/X4

)
.

One can now verify that this map X → E holds when just 4 | s.
Now note there are several parametrised curves on X . For example, Conceição takes

(1, T r, T, 1), where r = d/s. This maps to the parametrised curve ([−T d/2 : T d/4 : 1], T )
on E , and (by our earlier remarks) we see that this corresponds to the integral point

(−td/2 : td/4) on E(2)
n . More generally, Lemma 3.18 shows that the group of 2×2 orthogonal

Fq matrices, O2(Fq), acts on X . Indeed, if

[
a b
c d

]
∈ O2(Fq) and (X1, X2, X3, X4) ∈ X ,

then (aX2 + bX1, cX2 + dX1, X3, X4) ∈ X . We readily obtain new parametrised curves
(aT r + b, cT r + d, T, 1) on X which map to the curves

([−(cT r + d)s/2 : (aT r + b)s/2(cT r + d)s/4 : 1], T )

on E . These curves correspond to the points br the proof of Theorem 3.17.
We conclude this section by mentioning that in [3, Section 3], Conceição employs

this procedure to find integral points on the elliptic curves (td − t)y2 = x3 − x and
y2 − y = (td − t)x3, and also explains the integral point on Ulmer’s contstruction this
way.
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4 The Hessian Family

The aim of this section is to give an account of the author’s attempt to generalise the ap-
proaches of Ulmer and Conceição to the Hessian family of elliptic curves. This is a family
of elliptic curves that come with a order 3 rational point. In section 4.1, we introduce some
theory regarding order 3 points on elliptic curves and describe the Hessian family. In sec-
tion 4.2, we search for suitable Hessian curves that would allow for a construction similar
to Ulmer’s construction of large-rank Legendre curves. Our strategy is of a number-
theoretic flavour. In section 4.3, we describe the results of applying Conceição-Shioda. In
section 4.4, we give a geometric reinterpretation of our earlier number-theoretic approach
and apply Conceição-Shioda in this new framework. We conclude with some directions
for future investigation in section 4.5.

4.1 Order 3 points on Elliptic curves

Recall the Weierstraß equation of an elliptic curve:

y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6.

The Legendre family of elliptic curves has the special property that they contain all three
order 2 points. In this section, we seek to describe a family of elliptic curves with order
3 points, the Hessian family, and a slight generalisation. Our approach is modelled off
[35] and [10], with minor simplifications.

Proposition 4.1. Let K be a field, and E an elliptic curve over K. Then, E has at
most eight order 3 points.

Proof. Suppose E has Weierstraß equation as above, and let p ∈ E(K) have order 3; i.e.,
p + p + p = o and p ̸= o. Thus, we can write p = (x0, y0), and there is a line L such
that L intersects E at p with multiplicity 3. In particular, L does not contain o, so it is
not a vertical line. Hence, L has an equation y = ux + v, and it follows that x0 is the
only solution to

x3 + a2x
2 + a4x+ a6 − (ux+ v)2 − a1x(ux+ v)− a3(ux+ v)

= x3 + x2(a2 − u2 − a1u) + x(a4 − 2uv − a1v − ua3) + (a6 − v2 − a3v)
= 0.

Thus, we must have

x3 + x2(a2 − u2 − a1u) + x(a4 − 2uv − a1v − ua3) + (a6 − v2 − a3v) = (x− x0)3.
Comparing coefficients of x, we get

x30 = v2 + a3v − a6
3x20 = a4 − 2uv − a1v − a3u
3x0 = u2 + a1u− a2

.

Hence, if charK ̸= 2, we see(
v +

a3
2

)2
= x30 + a6 +

a23
4
,(

u+
a1
2

)(
v +

a3
2

)
=

1

4
(2a4 + a1a3 − 6x20), and(

u+
a1
2

)2
= 3x0 + a2 +

a21
4
.
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We deduce (
1

4
(2a4 + a1a3 − 6x20)

)2

=

(
x30 + a6 +

a23
4

)(
3x0 + a2 +

a21
4

)
.

Similarly, if charK = 2, one can verify

(x20 + a4)
2 + a1a3(x

2
0 + a4) = a21(x

3
0 + a6) + a23(x0 + a2).

Either way, we get a quartic (or a cubic if charK = 3) in x0, so there are at most four
distinct solutions over K. As each x0 corresponds to at most two points on E, we thus
have at most eight order 3 points.

Corollary 4.2. Let E be an elliptic curve in Weierstraß form (2), and let p1 and p2 be
two order 3 points on E with distinct x-coordinates. Then the subgroup they generate is
isomorphic to (Z/3Z)2 so that there are eight order 3 points on E.

Proof. Recall that for every p ∈ E, p and −p share the same x-coordinate. Hence,
p2 ̸∈ ⟨p1⟩. Let Z2 → ⟨p1,p2⟩ be the homomorphism given by (a, b) 7→ ap1 + bp2.
Noting that (3Z)2 is in the kernel of this map, and that none of ap1 + bp2 can be o for
a, b ∈ {−1, 1}, we have ⟨p1,p2⟩ ∼= (Z/3Z)2. Hence, we have all eight order 3 points.

Let K be a field with charK ̸= 3. The Hessian family is a family of elliptic curves
with Weierstraß equation

Eα : y2 + αxy + y = x3

for α in the ground field K. Eα is non-singular provided α3 ̸= 27, which we show in
Appendix A. This family is constructed so that (0, 0) is a point of order 3, which can
be seen as the line y = 0 intersects Eα at (0, 0) with multiplicity 3. More generally, the
curves

Ea1,a3 : y
2 + a1xy + a3y = x3

also have this property. The curves Ea1,a3 are non-singular provided a33(a
3
1 − 27a3) ̸= 0,

which we also show in Appendix A.
We can arrange to find another order 3 point distinct from (0, 0) and −(0, 0) on

Ea1,a3 as follows. Suppose the line y = ux + v intersects Ea1,a3 at (x0, y0), x0 ̸= 0, with
multiplicity 3. Then, as in the proof of Proposition 4.1, we see

x30 = v2 + a3v (14a)

3x20 = −(2uv + a1v + a3u) (14b)

3x0 = u2 + a1u (14c)

Note, if u or v is zero then x0 = 0, contradiction. Hence, we assume u, v ̸= 0. Then, by
equations (14c) and (14a),

a1 =
3x0 − u2

u
and a3 =

x30 − v2

v
.

Substituting this into (14b) and expanding yields

x30u
2 + 3x20uv + 3x0v

2 = 0.
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We conclude
(ux0 + v)3 = (ux0)

3 + 3(ux0)
2v + 3(ux0)v

2 + v3 = v3.

Thus, as ux0 ̸= 0, we must have u
v
x0 = ρ − 1, ρ being a primitive third root of unity.

Using ρ2 + ρ+ 1 = 0, and rearranging, gives

v = −1

3
(ρ+ 2)ux0.

Thus,

a3 = (ρ− 1)
x20
u

+
1

3
(ρ+ 2)ux0.

Noting y0 = ux0 + v, we put this together in the following

Proposition 4.3. Suppose u ̸= 0 and a1 = a1(x0, u) and a3 = a3(x0, u) are given by

a1 =
3

u
x0 − u and a3 =

ρ− 1

u
x20 +

1

3
(ρ+ 2)ux0.

The elliptic curve Ea1,a3 then contains the order 3 point (x0, ux0(1− ρ)/3).

Remark 4.4. (1) The proposition above is a generalisation of the approach in [10, 35] as
those texts only consider the intersection of a line y = x+v with the elliptic curve Ea1,a3 .
(2) Given an elliptic curve of the form Ea1,a3 , one can use the formulae in the proposition
above to solve for u and x0, and thus obtain an order 3 point on Ea1,a3 .

4.2 Progress towards generalising Ulmer’s proof to the Hessian
family

In this section, we describe original progress towards generalising Ulmer’s proof to the
Hessian family from subsection 4.1. More specifically, we describe progress towards find-
ing Hessian curves with many points. We deal with the curves Eα, the hope being that
a construction of many points on Eα would generalise to the setting of suitable Ea1,a3

curves. Throughout our discussion, we let q be a power of a prime p ̸= 3.
We begin by recalling that in Ulmer’s proof that the family Legendre curves Ed has

arbitrarily large rank, the proof started by finding a suitable rational point p ∈ Ed(Fp(t)),
and then obtaining many other points by letting the Galois group Gal(Fp(t, µd)/Fp(t

d))
act on p. Similarly, we want to arrange a point p ∈ Eα(Fq(t)) with α being a rational
function of td so that p has large Gal(Fq(t, µd)/Fq(t

d))-orbit. Now, let p = (x, y). It is
clear that if x = 0 or y = 0, then p has trivial Gal(Fq(t, µd)/Fq(t

d))-orbit, so assume
x, y ̸= 0. For simplicity, we assume that α is a polynomial of td.

We begin by rearranging the equation of Eα as follows:

α =
x2

y
− 1

x
− y

x
=

x

X
− 1

x
−X,

where X = y/x. We can write x = a/b and X = c/d, where a, b, c, d ∈ Fq[t] \ {0} such
that gcd(a, b) = gcd(c, d) = 1 as Fq[t] is a unique factorisation domain [4, Section 4].
Thus,

α =
a2d2 − b2cd− abc2

abcd
. (15)
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Now, set
ζ = gcd(a, c), µ = gcd(a, d), ξ = gcd(b, c), λ = gcd(b, d).

By ζ = gcd(a, c), we mean ζ ∈ Fq[t] is a representative of gcd(a, c); similarly for the
others. Then, we can write

a = ζµa′,

b = ξλb′,

c = ζξc′, and

d = µλd′,

where

a′ =
a

ζµ
, b′ =

b

ξλ
, c′ =

c

ζξ
, d′ =

d

µλ
.

Notice that ζ, µ, ξ, and λ are all pairwise coprime, so that a′, b′, c′, d′ are all polynomials.
Moreover, a′, b′, c′, d′ are also pairwise coprime. Note in the above factorisation, that we
can arrange a′, ξ, d′ to have leading coefficient 1.

From equation (15), we see a | b2cd, implying a | cd as a is coprime with b. Thus,
a′ | ξλc′d′. Noting a′ is coprime with b, and hence with ξλ, we conclude that a′ is a unit.
By the remark at the end of the preceding paragraph, a′ = 1.

Similarly, b | a2d2 implies ξ is a unit, and hence 1. Also d | abc2 implies d′ = 1. In
summary,

a = ζµ, b = λb′, c = ζc′, d = µλ,

and

α =
ζλµ3 − λ2(b′)2c′ − ζ2b′(c′)2

ζλµb′c′
.

We have:

• b′ | ζλµ3 implies b′ | λ,

• c′ | ζλµ3 implies c′ | ζ,

• λ | ζ2b′(c′)2 implies λ | b′, and

• ζ | λ2(b′)2c′ implies ζ | c′.

Thus, b′ = ℓ1λ and c′ = ℓ2ζ for some ℓ1, ℓ2 ∈ F×
q . Hence,

α =
µ3 − ℓ21ℓ2λ3 − ℓ1ℓ22ζ3

ℓ1ℓ2ζλµ
. (16)

We also have that x = ζµ
ℓ1λ2 , X = ℓ2ζ2

µλ
, and y = ℓ2ζ3

ℓ1λ3 .
We recall that the goal is to find µ, λ, ζ polynomials so that α is a polynomial of

td. Note that an easy way of doing this is finding one solution µ, λ, ζ, ℓ1, ℓ2 so that the
right-hand side of equation (16) is also a polynomial, and hence noting that

µ(td)3 − ℓ21ℓ2λ(td)3 − ℓ1ℓ22ζ(td)3

ℓ1ℓ2ζ(td)λ(td)µ(td)

is a polynomial in td. This does not work for our purposes, though, since x and y would
then be polynomials of td so that Gal(Fp(t, µd)/Fp(t

d)) acts trivially on (x, y). This
motivates the following
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Definition 4.5. Let µ, λ, ζ be pairwise coprime Fq[t]-polynomials and let ℓ1, ℓ2 ∈ F×
q .

We say that (µ, λ, ζ, ℓ1, ℓ2) is a solution if the equation (16) is an element of Fq[t]. The
degree of a solution is the largest d such that corresponding value of α is a polynomial in
td. A solution is primitive if there is no integer s > 1 and no solution (µ̃, λ̃, ζ̃, ℓ̃1, ℓ̃2) with
µ = µ̃(ts), λ = λ̃(ts), ζ = ζ̃(ts).

Now, suppose ℓ1 = c31ℓ3 and ℓ2 = c32ℓ4 for some c1, c2, ℓ3, ℓ4 ∈ F×
q . We see that if

(µ, λ, ζ, ℓ1, ℓ2) is a solution, then so is (µ, c21c2λ, c1c
2
2ζ, ℓ3, ℓ4). Moreover, both solutions

correspond to the same value of α. Also, we note

ζµ

ℓ1λ2
=

(c1c
2
2ζ)µ

ℓ3(c21c2λ)
2

and
ℓ2ζ

2

µλ
=
ℓ4(c1c

2
2ζ)

2

µ(c21c2λ)
,

so both solutions give the same values of x,X, and hence also y. Thus, we can define
two solutions (µ, λ, ζ, ℓ1, ℓ2), (µ

′, λ′, ζ ′, ℓ′1, ℓ
′
2), to be equivalent if there are c1, c2 ∈ F×

q such

that (µ′, λ′, ζ ′, ℓ′1, ℓ
′
2) = (µ, c21c2λ, c1c

2
2ζ, ℓ1c

−3
1 , ℓ2c

−3
2 ). This is an equivalence relation. If

3 ∤ |F×
q |, then every element of F×

q is a perfect cube, so every equivalence class of solutions
has a member with ℓ1 = ℓ2 = 1. Similarly, if 3 | |F×

q |, then let F×3
q ⊂ F×

q be the subgroup
of perfect cubes. As x 7→ x3 is a 3-to-1 map, |F×

q /F×3
q | = 3. Thus, in this case, there are

essentially only nine pairs (ℓ1, ℓ2) to consider.
Thus, we start the search for primitive solutions by looking for those with ℓ1 = ℓ2 = 1.

We also make the simplifying assumption that λ = 1. In this case,

α =
µ3 − 1− ζ3

µζ
.

We see α ∈ Fq[t] if and only if µ | 1 + ζ3 and ζ | µ3 − 1, as gcd(µ, ζ) = 1. We see that we
always have the solutions

µ = 1, 1 + ζ, 1− ζ + ζ2, 1 + ζ3.

We call these the trivial solutions. In these cases, we get

α = −ζ2, 3, ζ3 − 2ζ2 + 3ζ − 3, ζ5 + 2ζ2,

respectively. Whenever these solutions are primitive, their degree is 1, except for the
µ = 1 case where it is 2.

The author ran the following brute-force search for primitive, non-trivial solutions of
degree at least 2 over F5[t]:

Algorithm 1 Brute-force search for non-trivial solutions of degree at least 2

Input: S {S = search list}
for ζ ∈ S do
for µ a divisor of ζ3 + 1 do
if ζ | µ3 − 1 and (µ, ζ) is not trivial then

α← µ3−1−ζ3

µζ

d← max{s : α is a polynomial in ts}
if d > 1 then
print (µ, ζ, α, d)

end if
end if

end for
end for
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This program was implemented in Magma [2]. In the algorithm above, the author used
S as the set of polynomials in F5[t] of degree at most 8. The author then excluded non-
primitive solutions. This resulted in the author finding sixty primitive degree 2 solutions,
four primitive degree 3 solutions, and, dissapointingly, none of any higher degree. The
exceptional degree 3 solutions were found quite early in the search. One example is

µ = 3t+ 1, ζ = t2 + t+ 2, α = 3t3 + 1,

and the others are obtained by replacing t with 2t, 3t, and 4t, respectively. It seems
plausible that we might have more success with other values of λ or changing the base
field. However, the search above was already computationally intensive, requiring over
two hours to complete, so we did not pursue this any further. Instead, we now try to
complement our number-theoretic approach with a geometric analysis, using Conceição-
Shioda.

4.3 A few applications of Conceição-Shioda

In this section, we record a few applications of Conceição-Shioda to our problem, and
discuss the obstructions preventing these attempts from succeeding. Based on Ulmer’s
and Conceição’s examples, we first describe three scenarios of interest. If α is a polynomial
in td, then we seek a point with large Gal(Fq(t, µd)/Fq(t

d))-orbit. This was the chief aim
of the previous subsection. We are also interested in the case when α is an Fq-additive
polynomial. In this case, if we are able to find a point on elliptic curves y2−α(k)xy+y = x3,
for suitable Fq-additive polynomials α(1), . . . , α(ℓ), and we also have A(t) is an Fq-additive

polynomial satisfying α
(k)
0 (t) | A0(t) for each k, then we get ℓ points on the Hessian

curve y2 − Axy + y = x3 by a similar argument as Lemma 3.3. Based on Conceição’s
construction of points on the curve y2 = x3− (tq

n+1+1)x from the end of section 3.6, we
are also interested in elliptic curves to which we can find a Delsarte hypersurface XdC with
many symmetries that interact well with the resulting Conceição-Shioda map XdC → E .
To illustrate this last point, recall from the end of section 3.6 that we had associated a
matrix A to y2 = x3 − (td + 1)x, where d = qn + 1. Its inverse was

A−1 =


0 1/3 0 0
1/2 1/12 0 −1/4
0 −1/6 0 1/2
0 0 1/d −1/d

 .
Note the first two columns of A−1 have no dependence on d. This gives Conceição the
flexibility to post-multiply A−1 by C = diag(s, s, d, d), where 4 | s. Also recall that the
map XC → E was given by

(X1, X2, X3, X4) 7→
(
[−Xs/2

2 X
d/4
4 : X

s/2
1 X

s/4
2 : X

3d/4
4 ], X3/X4

)
.

Note that the O2(Fq) action on XC involved just X1 and X2, while the T -coordinate of
the resulting map only involves X3 and X4. Thus the O2(Fq)-action on XC “interacts
well” with the map XC → E as it doesn’t affect the T -coordinate of the resulting map.
More generally, if a symmetry of a Delsarte hypersurface XdC gives rise to a parametrised
curve ([f1(T ), f2(T ), f3(T )], f4(T )) on E , and we are able to easily reparametrise the curve
in terms of W = f4(T ), then we would still say that the symmetry “interacts well” with
the map XdC → E .
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We first consider the Hessian curve E1 given by X3− Y 2Z + tdXY Z − Y Z2 = 0. Let
E1 be the associated elliptic surface. We associate to this the matrix

A =


3 0 0 0
0 2 1 0
1 1 1 d
0 1 2 0


with inverse

A−1 =


1/3 0 0 0
0 2/3 0 −1/3
0 −1/3 0 2/3

−(3d)−1 −(3d)−1 d−1 −(3d)−1

 .
Note each column of A−1 has a factor of d−1. Thus, letting I4 be the 4×4 identity matrix,
we have a map XdI4(1,−1, 1,−1)→ E1 given by sending (X1, X2, X3, X4) to

([X
d/3
1 : X

2d/3
2 X

−d/3
4 : X

−d/3
2 X

2d/3
4 ], X3X

−1/3
1 X

−1/3
2 X

−1/3
4 )

=([X
d/3
1 X

d/3
2 X

d/3
4 : Xd

2 : Xd
4 ], X3X

−1/3
1 X

−1/3
2 X

−1/3
4 )

(17)

by Conceição-Shioda. Even though there are fractional exponents in the map, we will see
that this still gives a point on E1.

Take the curve (1, 1, t, t) on XdI4(1,−1, 1,−1). By the map above, this corresponds to
the parametrised curve ([td/3 : 1 : td], t2/3), which we reparametrise to ([td/2 : 1 : t3d/2], t).
Provided d is even, this corresponds to the point (t−d, t−3d/2) on E1. Similarly, the point
(td/2, t3d/2) on E1 can be found by considering the parametrised curve (1, t, t, 1). One can
also observe that the parametrised curves (t, t, 1, 1), (t, 1, 1, t) give the same points.

It is clear that these points have Gal(Fq(t, µd)/Fq(t
d))-orbits of size 2, so Ulmer’s

strategy does not work here. Also note that the T -coordinate of the map (17) involves
all four variables, so it does not interact well with symmetries of XdI4(1,−1, 1,−1). For
example, if d = qn+1, note that O2(Fq) acts on XdI4(1,−1, 1,−1) just as before: a matrix[
a b
c d

]
∈ O2(Fq) corresponds to the action

(X1, X2, X3, X4) 7→ (aX1 + bX3, X2, cX1 + dX3, X4).

The curve (1, 1, t, t) is then sent to (a + bt, 1, c + dt, t) under this action. On E1, this
corresponds to the parametrised curve(

[(a+ bt)d/3td/3 : 1 : td],
c+ dt

(a+ bt)1/3t1/3

)
.

Even if we assume a = c, b = −d, it does not seem that this curve may be reparametrised
to a suitable form.

We thus try to create a map to a different Delsarte surface, one that ideally has many
symmetries that interact well with the resulting Conceição-Shioda map. One attempt is
as follows. Notice that

A−1


s 0 0 0
0 s 0 0
s/3 s/3 3d 0
0 0 0 3d

 =


s/3 0 0 0
0 2s/3 0 −d
0 −s/3 0 2d
0 0 3 −1

 ,
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for some positive integer s that is divisible by 3. Conceição-Shioda gives map from the
Delsarte hypersurface

Xs
1 −Xs

2 +X
s/3
1 X

s/3
2 X3d

3 −X3d
4 = 0

to E1 by sending (X1, X2, X3, X4) to(
[X

s/3
1 : X

2s/3
2 X−d

4 : X
−s/3
2 X2d

4 ], X3
3/X4

)
=
(
[X

s/3
1 X

s/3
2 Xd

4 : Xs
2 : X3d

4 ], X3
3/X4

)
.

Now, the map is nicer, but it is not clear what symmetries the resulting Delsarte hy-
persurface admits, nor if this surface admits curves that correspond to points with large
Galois orbit.

We now record another possible approach to this problem. Recall from our earlier
number-theoretic approach, we were interested in finding solutions to

α =
µ3 − ℓ21ℓ2λ3 − ℓ1ℓ22ζ3

ℓ1ℓ2µλζ
.

Expanding we get
µ3 − ℓ21ℓ2λ3 − ℓ1ℓ2ζ3 − ℓ1ℓ2αµλζ = 0. (18)

If we regard α as fixed, then this defines a cubic curve in µ, λ, ζ. We denote the cubic
curve (18) by E ′

α. Note that our prior formulae, x = ζµ
ℓ1λ2 and y = ℓ2ζ3

ℓ1λ3 , can be interpreted
as (rational) maps from the cubic E ′

α to the original Hessian curve Eα. Hence, we can
run Conceição-Shioda on the cubic curve E ′

α instead. If α = −td, we run into similar
obstructions as before, so, motivated by the Fq-additive polynomial construction, we
instead describe an attempt of running Conceição-Shioda in the case where α = atd + bt
for suitable a, b ∈ F×

q .
We start with

µ3 − ℓ21ℓ2λ3 − ℓ1ℓ2ζ3 − aℓ1ℓ2tdµλζ − bℓ1ℓ2tµλζ = 0.

We have five terms and only four variables, so, following Conceição’s analysis of the
Legendre curve [3, Example 3.5], we add an extra variable. Let E2 be the set of solutions
([X : Y : Z], T,W ) ∈ PFq

2 × Fq
2
to

X3 − ℓ21ℓ2Y 3 − ℓ1ℓ22Z3 − aℓ1ℓ2T dXY Z − bℓ1ℓ2WXY Z = 0

with the extra constraint that T = W . We consider the matrix

M =


3 0 0 0 0
0 3 0 0 0
0 0 3 0 0
1 1 1 d 0
1 1 1 0 1

 .
Then,

M−1 =


1
3

0 0 0 0
0 1

3
0 0 0

0 0 1
3

0 0
− 1

3d
− 1

3d
− 1

3d
1
d

0
−1

3
−1

3
−1

3
0 1

 .
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Letting I5 be the 5× 5 identity matrix, and c = (1,−ℓ21ℓ2,−ℓ1ℓ22,−aℓ1ℓ2,−bℓ1ℓ2), we get
a map from the Delsarte hypersurface X3dI5(c)

X3d
1 − ℓ21ℓ2X3d

2 − ℓ1ℓ22X3d
3 − aℓ1ℓ2X3d

4 − bℓ1ℓ2X3d
5 = 0

to the Delsarte hypersurface XM(c) given by

(X1, X2, X3, X4, X5) 7→
(
Xd

1 , X
d
2 , X

d
3 ,

X3
4

X1X2X3

,
X3d

5

Xd
1X

d
2X

d
3

)
.

To get a map to E2, we impose the W = T constraint. This amounts to enforcing the
equality X3d

5 = Xd−1
1 Xd−1

2 Xd−1
3 X3

4 . Hence, we get a map from the set S of quadruples
(X1, X2, X3, X4) solving

X3d
1 − ℓ21ℓ2X3d

2 − ℓ1ℓ22X3d
3 − aℓ1ℓ2X3d

4 − bℓ1ℓ2Xd−1
1 Xd−1

2 Xd−1
3 X3

4 = 0 (19)

to E2 given by

(X1, X2, X3, X4) 7→
(
[Xd

1 : Xd
2 : Xd

3 ],
X3

4

X1X2X3

)
.

However, it seems difficult to find parametrised curves on S. As a first step, we can
note that (X1, X2, X3, X4) ∈ S if and only if (rX1, rX2, rX3, rX4) ∈ S for any non-zero
r ∈ Fq(t), and that both (X1, X2, X3, X4), (rX1, rX2, rX3, rX4) have the same image
under the map S → E2. Hence, we can assume X1, X2, X3, X4 are coprime polynomials
(by scaling by an appropriate r). Moreover, as we wish to find parametrised curves
on E2 via the map S → E2, we require X1, X2, X3, X4 ̸= 0. Now, we try forcing some
simplifications. For example, suppose we set

X3d
1 = aℓ1ℓ2X

3d
4 and ℓ21ℓ2X

3d
2 + ℓ1ℓ

2
2X

3d
3 = bℓ1ℓ2X

d−1
1 Xd−1

2 Xd−1
3 X3

4 .

In this case, if X2 and X3 are constants, then this would force X1 and X4 to also be
constant, and thus we don’t get a parametrised curve. If we assume this to not be
the case, then the second equation implies X2 | X3d

3 and X3 | X3d
2 , so gcd(X2, X3) is

non-trivial. Then, if g is a representative of gcd(X2, X3),

g3d | Xd−1
1 Xd−1

2 Xd−1
3 X3

4 ,

implying
gd+2 | Xd−1

1 (X2/g)
d−1(X3/g)

d−1X3
4 .

As g is coprime to X2/g and X3/g, it follows that X2 and X3 share a common factor
with one of X1 or X4. But, from the equation of S (19), this implies X1, X2, X3, and
X4 to share a non-trivial common factor, contradicting our earlier assumption that all
X1, X2, X3, X4 are non-zero coprime polynomials. One also reaches a similar contradiction
when trying to set ℓ1 = −ℓ2 and X2 = X3. So it seems that this equation requires a
more careful analysis, perhaps of similar nature to our earlier number-theoretic approach
together with an analysis of the degrees of X1, X2, X3, X4.

We now discuss another interesting observation that may help with our overall problem
of finding points on Hessian curves.
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4.4 A geometric reinterpretation

We have already seen that for ℓ1, ℓ2 ∈ F×
q , we have a map from the cubic curve E ′

α

µ3 − ℓ21ℓ2λ3 − ℓ1ℓ22ζ3 − αℓ1ℓ2µλζ = 0

to our original Hessian curve Eα : y2 − αxy + y = x3 given by (x, y) = ( ζµ
ℓ1λ2 ,

ℓ2ζ3

ℓ1λ3 ).
At first glance, it seems that if we were to vary ℓ1 and ℓ2, then we have many cubic
curves “embedded” in Eα via the aforementioned map. However, as we saw section 4.2,
if ℓ3 = c31ℓ1 and ℓ4 = c32ℓ2 for some c1, c2 ∈ F×

q , then the solutions to

µ3 − ℓ21ℓ2λ3 − ℓ1ℓ22ζ3 − αℓ1ℓ2µλζ = 0

are in 1-to-1 correspondence with the solutions to

µ3 − ℓ23ℓ4λ3 − ℓ3ℓ24ζ3 − αℓ3ℓ4µλζ = 0

and corresponding solutions give the same point (x, y) ∈ Eα. Thus, depending on whether
3 divides |F×

q |, there are essentially only 1 or 9 such cubic curves to consider.
In this section, we investigate the effect of letting ℓ1, ℓ2 ∈ Fq(t)

×, noting that the map
from the cubic curve

µ3 − ℓ21ℓ2λ3 − ℓ1ℓ22ζ3 − ℓ1ℓ2αµλζ = 0

to Eα still holds in this context. The reason is twofold: if ℓ1, ℓ2 are rational functions,
we might be able to find solutions more easily. Also, in the more general setting where
α is a rational function of t, we might be able to use this idea that we have many cubic
curves “embedded” in the Hessian curve Eα to generate many points on Eα. We focus
on the former perspective, in the context where α = atd + bt for some d which is a power
of q.

Hence, let E3 be the set of solutions ([X : Y : Z], (T, ℓ1, ℓ2)) ∈ PFq
2 × Fq

3
to

X3 − ℓ21ℓ2Y 3 − ℓ1ℓ22Z3 − aT dℓ1ℓ2XY Z − bT ℓ1ℓ2XY Z = 0.

We associate to this the matrix 
3 0 0 0 0 0
0 3 0 0 2 1
0 0 3 0 1 2
1 1 1 d 1 1
1 1 1 1 1 1


We have two problems. Firstly, the rows of this matrix are linearly dependent. One can
see this by noting that the average of the first three rows is (1, 1, 1, 0, 1, 1). Thus, the
span of the first four rows contains (0, 0, 0, 1, 0, 0), and hence also the fifth row. Secondly,
we must add rows. The linear dependency in the rows can be fixed by adding a new
variable W , and then requiring W = T (for example). Adding rows can be accomplished
by “adding zero” to the equation of E3, so that the rows remain linearly independent.

For example, take E ′3 as the set of solutions ([X : Y : Z], (T,W, ℓ1, ℓ2)) ∈ PFq
2 × Fq

4
to

X3 − ℓ21ℓ2Y 3 − ℓ1ℓ22Z3 − aT dℓ1ℓ2XY Z − bWℓ1ℓ2XY Z + 0 · Y + 0 · Z = 0.
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The resulting matrix and its inverse are

M =



3 0 0 0 0 0 0
0 3 0 0 0 2 1
0 0 3 0 0 1 2
1 1 1 d 0 1 1
1 1 1 0 1 1 1
0 1 0 0 0 0 0
0 0 1 0 0 0 0


and M−1 =



1
3

0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
− 1

3d
− 1

3d
− 1

3d
1
d

0 0 0
−1

3
−1

3
−1

3
0 1 0 0

0 2
3

−1
3

0 0 −2 1
0 −1

3
2
3

0 0 1 −2


,

respectively. Hence, taking C = diag(3d, 3d, 3d, 3d, 3d, 1, 1), there is a map from

XC(1,−1,−1,−a,−b, 0, 0) : X3d
1 −X3d

2 −X3d
3 − aX3d

4 − bX3d
5 = 0

to E ′3 given by

(X1, . . . , X7) 7→
(
[Xd

1 : X6 : X7],

(
X3

4

X1X2X3

,
X3d

5

Xd
1X

d
2X

d
3

,
X2d

2 X7

Xd
3X

2
6

,
X2d

3 X6

Xd
2X

2
7

))
.

Imposing the condition W = T gives a map of solutions to

X3d
1 −X3d

2 −X3d
3 − aX3d

4 − bXd−1
1 Xd−1

2 Xd−1
3 X3

4 = 0 (20)

to E3 given by

(X1, X2, X3, X4, X6, X7) 7→
(
[Xd

1 : X6 : X7],

(
X3

4

X1X2X3

,
X2d

2 X7

Xd
3X

2
6

,
X2d

3 X6

Xd
2X

2
7

))
.

On one hand, it seems that the Conceição-Shioda map takes care of the values of ℓ1, ℓ2,
so that we just need to consider equation (20). On the other hand, equation (20) puts us
essentially in the same place as where we were at the end of the previous subsection, so
it does not seem that this approach is of much help here.

It seems that it is, in general, quite difficult to move away from an equation of the
form (20). For example, set E4 to be the set of solutions ([X : Y : Z], (T,W, ℓ1, ℓ2)) to

X3 − ℓ21ℓ2Y 3 − ℓ1ℓ22Z3 − aT d−1WXY Zℓ1ℓ2 − bℓ1ℓ2WXY Z − 0 · Y − 0 · Z = 0.

The associated matrix and inverse are

3 0 0 0 0 0 0
0 3 0 0 0 2 1
0 0 3 0 0 1 2
1 1 1 d− 1 1 1 1
1 1 1 0 1 1 1
0 1 0 0 0 0 0
0 0 1 0 0 0 0


and



1
3

0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 1

d−1
− 1

d−1
0 0

−1
3
−1

3
−1

3
0 1 0 0

0 2
3
−1

3
0 0 −2 1

0 −1
3

2
3

0 0 1 −2


,

respectively. At first glance, this matrix seems much more promising as only the fourth
and fifth columns depend on d− 1. Indeed, taking C = diag(1, 1, 1, d− 1, d− 1, 1, 1) and
e = (1,−1,−1,−a,−b, 0, 0), we have a map from

XC(e) : X1 −X2 −X3 − aXd−1
4 − bXd−1

5 = 0 (21)
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to E4 given by

(X1, . . . , X7) 7→

(
[X

1/3
1 : X6 : X7],

X4

X5

,
Xd−1

5

X
1/3
1 X

1/3
2 X

1/3
3

,
X

2/3
2 X7

X
1/3
3 X2

6

,
X

2/3
3 X6

X
1/3
2 X2

7

)
.

But now, imposing T = W amounts to enforcing Xd
5 = X

1/3
1 X

1/3
2 X

1/3
3 X4. As equa-

tion (21) has the term Xd−1
5 , this implies that we must instead consider the Delsarte

hypersurface
XC′(e) : Xd

1 −Xd
2 −Xd

3 − aX
d(d−1)
4 − bXd−1

5 = 0,

where C ′ = diag(d, d, d, d(d− 1), d(d− 1), 1, 1), with corresponding map

(X1, . . . , X7) 7→

(
[X

d/3
1 : X6 : X7],

Xd
4

X5

,
Xd−1

5

X
d/3
1 X

d/3
2 X

d/3
3

,
X

2d/3
2 X7

X
d/3
3 X2

6

,
X

2d/3
3 X6

X
d/3
2 X2

7

)
.

Now, the W = T condition becomes Xd
5 = X

d/3
1 X

d/3
2 X

d/3
3 Xd

4 . Recalling that d is a

power of q, this forces X5 = X
1/3
1 X

1/3
2 X

1/3
3 X4. Thus, we get a map from the solutions

(X1, X2, X3, X4, X6, X7) of

Xd
1 −Xd

2 −Xd
3 − aX

d(d−1)
4 − bX(d−1)/3

1 X
(d−1)/3
2 X

(d−1)/3
3 Xd−1

4 = 0 (22)

to E4 given by

(X1, . . . , X7) 7→

(
[X

d/3
1 : X6 : X7],

Xd−1
4

X
1/3
1 X

1/3
2 X

1/3
3

,
X

2d/3
2 X7

X
d/3
3 X2

6

,
X

2d/3
3 X6

X
d/3
2 X2

7

)
.

In general, Conceição-Shioda appears to convert the problem of finding points on Hessian
curves to finding parametrised curves on equations of the form (20) or (22). This seems
difficult, in general. However, noting the various exponents appearing in the summands
of equation (22), it may be possible to proceed by considering the degrees of the Xis. We
leave this for future investigation.

4.5 Further thoughts and concluding remarks

Our investigation into generalising Ulmer’s and Conceição’s proofs to the Hessian case
suggest several directions for future research. Firstly, it would be of interest to improve
Algorithm 1 from section 4.2 and gather data in scenarios where λ ̸= 1 or where the
base field has characteristic other than 5. It would also be of interest to study the
various equations that appeared by applying Conceição-Shioda to the Hessian curve in
the previous two subsections, with a view towards the symmetries of such equations. As
seen in [5, 34, 27], similar themes appear to be of contemporary interest. The phenomenon
that there are many cubic curves “embedded” in the Hessian curve could also be a viable
alternative to analysing the symmetries of the aforementioned equations.

Besides the Hessian case, one can also attempt to generalise Ulmer’s and Conceição’s
constructions to other fields. Indeed, as Ulmer’s construction misses the characteristic
2 case, and Conceição’s constructions miss cases where the base field is of characteristic
1 (mod 12), it would be of interest to find similar constructions in those settings. Some
discussion on the characteristic 2 case, including the author’s attempt using a different
normal form for elliptic curves, is given in appendix B. As a main inspiration for studying
elliptic curves over Fq(t) is to gain an intuition about the characteristic zero case, we
conclude by mentioning that it would be interesting to see if one can construct moderate-
or high-rank elliptic curves over Q or Q(t) based on the elliptic curves in this essay.
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A Supplementary Material

We include here some supplementary material referenced in the essay. We first include
a brief list of formulas, including the addition formulae. Then, we give a list of elliptic
curves covered in this essay and proofs of their non-singularity.

A.1 Formulary

With minor modifications in notation, all formulae in this subsection are reproduced from
[26, Chapter III] (taking into account the errata [25]).

Let C be a cubic curve over a field K expressed in Weierstraß form

y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6.

We first record

b2 = a21 + 4a2,

b4 = 2a4 + a1a3,

b6 = a23 + 4a6,

b8 = a21a6 + 4a2a6 − a1a3a4 + a2a
2
3 − a24.

Now, define the discriminant ∆ = ∆(C) by

∆ = −b22b8 − 8b34 − 27b26 + 9b2b4b6. (23)

The quantity ∆ will be important in the next subsection.
The following Proposition gives the explicit addition formulae on an elliptic curve E

with Weierstraß form as above.

Proposition A.1. Let E be an elliptic curve with Weierstraß form as above. Suppose
p = (x, y) and q = (x′, y′) are two points on E. Then:

(a) −p = (x,−y − a1x− a3).

(b) if x = x′ and y + y′ + a1x+ a3 = 0, then p+ q = o.

(c) if (b) does not hold, define u, v ∈ K as follows:

u v

x ̸= x′
y′ − y
x′ − x

yx′ − y′x
x′ − x

x = x′
3x2 + 2a2x+ a4 − a1y

2y + a1x+ a3

−x3 + a4x+ 2a6 − a3y
2y + a1x+ a3

Suppose p+ q = r. Then r = (x′′, y′′) where

x′′ = u2 + a1u− a2 − x− x′, and

y′′ = −(u+ a1)x
′′ − v − a3.

Proof. See [26, Group Law Algorithm III.2.3].
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A.2 List of Elliptic curves and proofs of their non-singularity

In this subsection, we include a list of all elliptic curves considered in this essay. It is clear
that the listed curves are cubic curves containing the K-rational point o = [0 : 1 : 0]. We
will prove that they are non-singular.

In the body of the essay, we considered

(i) the Legendre curves Ed : y
2 = x(x+ 1)(x+ td) defined over Fp(t) for odd primes p

in section 2;

(ii) the “quadratic twists” of the Legendre curve EA : A(t)y2 = x3 − x defined over
Fq(t), where q ≡ 3 (mod 4) and A(t) is a square-free Fq-additive polynomial, in
Theorem 3.14. We particularly focused on the elliptic curve Ẽd which are obtained
by setting A(t) = tq

d − t;

(iii) the elliptic curve y2 = x3−x over Fq, q ≡ 3 (mod 4), in the proof of Theorem 3.14;

(iv) the “cubic twists” of the Hessian curve y2−y = A(t)x3 over Fq(t) in Theorem 3.15,
where q ≡ 2 (mod 3) and A(t) an Fq-additive polynomial. Our explicit example

was obtained by specialising A(t) = tq
d − t;

(v) the elliptic curve y2− y = x3 over Fq, q ≡ 2 (mod 3), in the proof of Theorem 3.15;

(vi) the elliptic curves E
(2)
n : y2 = x3 − (tq

n+1
+ 1)x over Fq(t), where q is a power of a

prime p such that p ≥ 7 and q ≡ 3 (mod 4), in Theorem 3.17;

(vii) the family of Hessian elliptic curves y2 + αxy + y = x3, where α ̸= 27, over a field
K with characteristic not equal to 3 in section 4. We also considered the slightly
more general family y2 + a1xy+ a3y = x3, where a33(a

3
1− 27a3) ̸= 0, over such fields

K.

Now, recall the definition of ∆ from equation (23).

Lemma A.2. A cubic curve E in Weierstraß form (2) is non-singular if and only if its
discriminant is non-vanishing.

Proof. See [26, Proposition III.1.4].

Proposition A.3. The cubic curves listed above are all non-singular. Consequently, they
are elliptic curves.

Proof. As cases (i), (iii), (v), (vii) are already in Weierstraß form, we compute their
discriminants. We consider (iii) and (v) in a slightly more general setting.

E base field ∆(E)

(i) y2 = x(x+ 1)(x+ td) Fp(t), p odd 16t2d(td − 1)2

(iii) y2 = x3 − x K, charK ̸= 2 64
(v) y2 − y = x3 K, charK ̸= 3 −27
(vii) y2 + a1xy + a3y = x3 K, charK ̸= 3 a33(a

3
1 − 27a3)
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As the discriminant is non-vanishing in each case, by Lemma A.2, it follows that the
aforementioned elliptic curves are non-singular.

We now turn to the remaining cases. We only prove (ii), as the remaining cases follow
by essentially the same argument. Take the cubic curve A(t)y2 = x3 − x. Let C be the
curve s2 = A(t) over Fq and let L = Fq(C) be its function field. Note, the linear change
of variable (x̃, ỹ) = (x, sy) puts this elliptic curve in the form of case of (iii) in the table
above. Moreover, one can see that the property of non-singularity is preserved by this
change of variable, by expressing this change of variable in projective coordinates and
using the chain rule for partial derivatives. Thus, by case (iii) of the table above, we
conclude A(t)y2 = x3 − x is non-singular.

B Discussion of the Characteristic 2 Case

The aim of this appendix is to provide a few remarks on generalising Ulmer’s approach
to the characteristic 2 case.

We begin by discussing the nature of order 2 points on an elliptic curve E over a field
K of characteristic 2. Suppose E has Weierstraß equation

Y 2Z + a1XY Z + a3Y Z
2 = X3 + a2X

2Z + a4XZ
2 + a6Z

3.

As we saw in the beginning of section 2, the order 2 points on E are precisely the points
of intersection between the line a1X + 2Y + a3Z = 0 and E. In characteristic 2, this
becomes the line a1X + a3Z = 0. We have three cases

• If a1 = a3 = 0, then ∆(E), defined in equation (23), vanishes. Consequently,
by Lemma A.2, E is singular. In particular, this shows that the Legendre curves
y2 = x(x+ 1)(x+ td) are singular in characteristic 2.

• If a1 = 0 and a3 ̸= 0, then the order 2 points are the points of intersection of the
‘line at infinity’ Z = 0 with E. But, this line intersects E only at o, implying
that the 2-torsion subgroup of E is trivial. In other words, E is supersingular.
This proves that the elliptic curve y2 − y = x3 from the proof of Theorem 3.15 is
supersingular in characteristic 2.

• If a1 ̸= 0, then the order 2 points form the intersection of E with the vertical line
x = −a3/a1. This line intersects E at o and at two other points p,q ∈ E ∩ Az.
However, as this is a vertical line and p,q have order 2, the line x = −a3/a1 must
be the tangent line to E at p and q. Therefore, p = q, and E has just one order 2
point.

Thus, we see that the nature of the order 2 points on an elliptic curve E changes funda-
mentally in characteristic 2.

By [26, Proposition A.1.1], every elliptic curve over a field of characteristic 2 can be
put into one of the following two Weierstraß forms with a suitable change of coordinate:

y2 + xy = x3 + ax2 + b, or y2 + ay = x3 + bx+ c.

The former has ∆ = b, while the latter has ∆ = b3. As the Legendre family of elliptic
curves has the special property that they contain all order 2 points, noting that the
second type of elliptic curves above is supersingular, it seems that the closest analogue in

38



B THE CHARACTERISTIC 2 CASE Srijan Sundar

characteristic 2 would be elliptic curves of the first type. We also remark that Conceição’s
example y2 − y = A(t)x3 from Theorem 3.15 is a family of supersingular elliptic curves
with unbounded rank that holds in the characteristic 2 setting. Thus, we focus on the
family of elliptic curves of the form y2 + xy = x3 + ax2 + b.

In order to find points on such elliptic curves, the author considered formal power
series expansions for x =

∑∞
i=0 xit

i and y =
∑∞

i=0 yit
i for xi, yi ∈ F2. In the best case,

the resulting power series for x and y are finite, in which case we get an integral point on
such elliptic curves. Otherwise, we are looking for power series solutions that resemble
convergent power series in C. For example, if the power series

∑∞
i=0 t

i appears in our
computations, we could replace it with (1− t)−1, and see if the latter still gives rise to a
solution. This is related to the concept of the formal group of an elliptic curve from [26,
Chapter IV].

The author first considered the problem abstractly, giving a and b power series ex-
pansions a =

∑∞
i=0 ait

i and b =
∑∞

i=0 bit
i. As we are trying to generalise Ulmer’s proof,

we are particularly interested in the case where a and b are power series in td. In this
case, we are looking for (x, y) that has a large Gal(F2(µd, t)/F2(t

d))-orbit.
Most of the difficulty was due to the x3 term which, in characteristic 2, expands as

x3 =
∞∑
i=0

( ∑
m+2n=i

xmxn

)
ti.

In practice, this term does not lead to patterns.
This led the author to consider alternative models for elliptic curves in characteristic

2. First, we define

Definition B.1. Let K be a field. Define PKn to be the set of 1-dimensional subspaces
of Kn+1. For (X0, . . . , Xn) ∈ Kn+1 \ {0} define [X0 : · · · : Xn] ∈ PKn to be the one-
dimensional subspace spanned by (X0, . . . , Xn).

Note that this agrees with our earlier definition of PK2. Kohel [13, Section 5] defines
the following normal form

Definition B.2. Let K be any field, and let c be a non-zero element of K. An elliptic
curve E over K is in Z/4Z-normal form if it is given by an equation of the form

X2
0 −X2

1 +X2
2 −X2

3 = cX0X2 = cX1X3.

The Z/4Z-normal form is an elliptic curve in the sense that there is a change of
variable that puts it into Weierstraß form:

Proposition B.3. The change of variable map

[X : Y : Z] = [X1 +X2 : X2 : c(X0 +X3)]

converts an elliptic curve in Z/4Z-normal form to the Weierstraß form:

Y (Y +X)Z = X(X + c−1Z)2.

Proof. See [13, Lemma 9].
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Hence, the Z/4Z-normal form inherits an induced group law. The Z/4Z normal form is
so-named because the point t = [1 : 1 : 0 : 0] is then an order 4 point [13, Theorem 8].

In characteristic 2, the Z/4Z-normal form takes the form

(X0 +X1 +X2 +X3)
2 = cX0X2 = cX1X3.

It intuitively appears the power series approach might see more success with this normal
form as the left-hand side is a perfect square. The author attempted this by setting
c = td but did not find obvious non-trivial points. The next steps would be to continue
this investigation with other values of c.

One could also attempt to modify the number-theoretic approach in section 4.2 to this
setting. Namely, suppose X0, X1, X2, X3 and c are polynomials. Analysing their prime
factorisations, one finds a map from the solutions [α : β : γ : δ] ∈ PF3

2 of

cαβγδ = (α + β)2(γ + δ)2

to the Z/4Z-normal form given by [X0 : X1 : X2 : X3] = [αβ : αγ : γδ : βδ]. Kohel
also notes this map in [13, Theorem 8], but explains it via different means. It would be
of interest to see the results of expanding α, β, γ, δ into power series. Another possible
direction for future investigation would be to see how Conceição-Shioda applies here.

C Magma code used in Section 4.2

Here is the code file used in our Magma computations. The function pfn in line 43 is
the implementation of Algorithm 1.

1 // presets

2 F5 := GF(5);

3 K<t> := PolynomialRing(F5);

4

5

6 // PolyDeglt returns all polynomials of degree at most n

7 function PolyDeglt(n: F:=F5, pF:=K)

8 S := [pF | elt < pF | Reverse ([a : a in x]) > :

9 x in CartesianPower(F, n)];

10 return [x : x in S | Degree(x) gt 0];

11 end function;

12

13

14 // getDivisors returns all divisors of polynomial f

15 function getDivisors(f, F, pF)

16 primefacts := Factorization(elt <pF | f>);

17 l := [];

18 d := [];

19

20 for x in primefacts do

21 Append (~l, {0..x[2]});

22 end for;

23

24 ind := CartesianProduct(l);

25 for x in ind do

26 prod := pF!1;

27 for i := 1 to #primefacts do

28 prod *:= primefacts[i][1]^x[i];
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29 end for;

30 for x in Exclude(Set(F), F!0) do

31 Append (~d, x*prod);

32 end for;

33 end for;

34

35 return d;

36 end function;

37

38

39 // pfn is the Magma function implementing Algorithm 1

40 // S is the search list ,

41 // F is the base field ,

42 // pF is the polynomial ring of F.

43 pfn := function(S, F, pF)

44 // Each list Mi will contain degree i solutions

45 M2 := [];

46 M3 := [];

47 M4 := [];

48 M5 := [];

49 M6 := [];

50 M7 := [];

51

52 // Now , we implement Algorithm 1

53 for zeta in S do

54 for mu in getDivisors(zeta^3 + 1, F, pF) do

55 if (j notin {1, zeta+1, zeta^2 -zeta + 1, zeta^3 + 1}) and

56 (((mu^3 - 1) mod zeta) eq pF!0) then

57 alpha := ((j^3 - 1 - i^3) div (i*j));

58

59 d := GCD(Support(alpha)); // GCD(Support (*)) gives the

60 // maximal d so that * is a

61 // polynomial in t^d

62

63 if (d gt 1) and

64 (GCD(GCD(Support(mu)), GCD(Support(zeta))) eq 1) then

65 case g:

66 when 2:

67 Append (~M2 , [zeta , mu , alpha]);

68 when 3:

69 Append (~M3 , [zeta , mu , alpha]);

70 when 4:

71 Append (~M4 , [zeta , mu , alpha]);

72 when 5:

73 Append (~M5 , [zeta , mu , alpha]);

74 when 6:

75 Append (~M6 , [zeta , mu , alpha]);

76 else

77 Append (~M7 , [zeta , mu , alpha]);

78 end case;

79 end if;

80 end if;

81 end for;

82 end for;

83 return M2, M3, M4, M5, M6 , M7;

84 end function;

Listing 1: Auxiliary code
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Observe, that in line 64 above, we exclude non-primitive solutions. Indeed, this works
because one can observe that if a, b ∈ F5[t] are polynomials so that a(td) divides b(td),
then a(t) divides b(t). This holds because if r ∈ F5 is a root of a(t), then there is u ∈ F5

such that ud = r. Then, u is a root of a(td), so that b(r) = b(ud) = 0.
The author then partitioned PolyDeglt(8) into smaller pieces, ordered by degree of

the polynomials, and ran the function pfn on each of the smaller pieces.
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[14] Serge Lang and André Néron. “Rational points of Abelian varieties over function
fields”. In: American Journal of Mathematics 81.1 (Jan. 1959), pp. 95–118. url:
https://www.jstor.org/stable/2372851.

[15] Aaron Meurer et al. “SymPy: symbolic computing in Python”. In: PeerJ Computer
Science 3 (Jan. 2017), e103. issn: 2376-5992. doi: 10.7717/peerj-cs.103. url:
https://doi.org/10.7717/peerj-cs.103.

[16] Louis Joel Mordell. “On the rational resolutions of the indeterminate equations of
the third and fourth degree”. In: Proceedings of the Cambridge Philosophical Society
XXI (1922).

[17] Thomas Occhipinti. “Mordell-Weil Groups of Large Rank in Towers”. PhD thesis.
University of Arizona, 2010. url: http://hdl.handle.net/10150/194213.
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